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What This Book is All AboutChapter 1: 

This is a book about elementary functions and data analysis. You will use functions to make 
mathematical models of real data. In doing so, you’ll learn different sorts of things about the 
functions than you would if you only studied them abstractly. 

What’s a mathematical model? For our purposes, a mathematical model is a function that does 
a pretty good job of approximating data. If we represent the data as points on a scatter plot, the 
model is a curve that has the same pattern as the points.

 (XXX-image quality)

As you develop these models, we hope you come to understand in your gut the most important 
lesson in this book: The model is not reality. Models, by their nature, are not the real thing; a 
model is an oversimplification of the mess that reality throws at us. To simplify reality, models 
sacrifice details. 

It’s a good thing, too, because models help us generalize. They let us compare reality to our own 
ideas about how things work. They smooth over the natural variation that occurs for all kinds of 
reasons in order to reveal the underlying pattern. Your goal is to learn to see past that confusing 
variation and learn to recognize the patterns. 

If you’re thinking that this whole thing smells a little like science, you’re right. Almost none of 
the numbers will work out to be simple integers or ratios. Hardly any of the expressions you see 
will magically cancel out. But the most important science-like aspect of these problems is that 
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just fitting the curve is not enough. You also have to try to figure out the meaning behind the 
curve, and the meaning behind the parameters. You have to relate it, somehow, to the situation. 

The basic structure of the problem sets in this book is that we give you some data, and you have 
to come up with the model. If you’re used to learning functions in the abstract, that can be both 
a relief and a problem: a relief because you’re finally actually using all that math; a problem 
because sometimes working with data can be messy and distracting. The models never quite fit 
the data; the curves do not go through all of the points. This means that you can never be quite 
sure you have the right curve. That’s all right. Don’t let it get to you. 

If you have not had much experience coming up with functions that fit data, we’ll lead you 
through it, starting with linear functions and moving to nonlinear. You’ll model data with 
quadratic functions, exponentials, power laws, and trigonometric functions. You’ll look at 
inverse variation as well, and square-root functions.1 You will also learn important data analysis 
skills and tools that will not only help you fit models to data, but also help you better understand 
the underlying functions. Chapter 4 is an extended tutorial about how to slide functions around 
the plane, how to stretch and squish them, Chapter 5 is about how to linearize data to make 
it easier to analyze; Chapter 6 will show you how to use residual plots to inspect your models 
microscopically and see whether they’re good enough; and Chapter 7 will show you some 
linearization techniques that help you deal with a wider variety of functions. 

One of the main things you will be doing to fit your models is finding good values for 
parameters. Parameters are symbols for the constants in an equation. For example, in the 
quadratic function y ax bx c= + +2 , the a, b, and c—the constants—are parameters. If their values 
change, the curve would still be quadratic, but the details of the curve would be different: it 
might be steeper or shallower, or in a different place. So if you’re trying to fit that parabola to 
data, you may have to change those values. 

The lesson: When you deal with data, some constants are not as constant as they look. 
Furthermore, they’re a little fuzzy: since the curve won’t exactly fit the data, there is a range of 
values for each parameter for which the model does a good job.

There is a way to estimate parameters automatically. You may have heard of (and used) least-
squares lines to do some data analysis. We will avoid them here. While they’re good at what they 
do, they can be misleading. Also, they don’t particularly help you learn how data analysis works, 
nor do they help you understand the underlying functions. Similarly, if you’ve used nonlinear 
fits, (such as exponential regression) put them away. We’ll build the functions from the ground 
up. Later you can certainly use such high-powered tools. But they will be useless—even 
dangerous—if you don’t understand the special relationships between math and data that you 
will explore in this book. 

1 These are power law functions too, but you can use special techniques on them.
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What You Need To Do Problems in This Book 1.1 

To work the problems in this book, you need some experience, and you need some technology. 

Experience 

You should have taken, or be enrolled in, a course where you learn about graphing functions. If 
you’re in a beginning algebra class, you may want to stick with the linear functions in Chapter 2, 
but you can also go on to be introduced to nonlinear relationships. 

It’s more likely you’re at least at the so-called “intermediate algebra” level, where you learn about 
quadratics (and other polynomials), exponentials, and trigonometry. But don’t skip the linear 
part. It never hurts to review lines, partly because lines keep showing up when you study more 
complicated curves; and partly because working with data can be hard at first, so it will be good 
to have more familiar functions—lines—to work with. 

But even if you’re scaling the lofty pinnacles of calculus, you can get a lot out of these problems. 
Calculus demands understanding of functions, and this will give it to you. 

Many of the data sets in here are science-oriented, in fact, physics oriented. That is because 
relationships in physics are easier than in other sciences. If you have an old prejudice that physics 
is the hardest, toughest, most grueling, least understandable science, put it aside. The data you 
will see here is just about the cleanest, clearest, most easy-to-deal-with real data you will ever see. 
Data points actually line up more or less along the curves they’re supposed to. 

Besides, you don’t need to be a physics expert to do these problems. You just need common 
sense. We will give you the relevant equations along the way. You will still have to figure out how 
the equations, situations, and data are connected, however. 

If you are currently studying science, problems like these may give you good practice for 
analyzing your own data. Just note that the questions you should ask yourself should be even 
deeper than the ones here: you should connect the data and the models to the underlying science 
concepts—such as gravity, electrical potential, or conservation of energy. We do that to a certain 
extent in this book, but the focus here is on the models, not the science concepts. 

Technology 

Let us turn to the technology you need. 

You can use most any data analysis package to do the problems in this book. The data files on the 
CD-ROM (xxx) all have copies in tab-delimited text format (extension .txt), which practically 
any package—even Excel—can read. You can also use various utilities to download text files onto 
handheld devices. 
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But what do we recommend? Fathom Version 2. That program has some features that make it 
uniquely suited to doing this kind of data analysis. So all of the data also appear on the CD xxx 
in Fathom (.ftm) format as well, and we will give instructions for using Fathom (though you will 
not need many). 

Therefore, it would be wonderful if you had access to a full or student version of Fathom. With 
that, you can save Fathom files and turn them in, or copy graphs and tables from Fathom into a 
word-processed report. Visit http://www.keypress.com/fathom for more information about 
Fathom. Fathom Version 2 runs on Wintel machines running Windows 95 or later, and on 
Macintoshes running OS X. As of this writing, there is no Linux version. 

Learning Just Enough Fathom 1.2 

The best way to learn the mechanics of Fathom is to have somebody show you. You can learn the 
basics in just a few minutes. These basics include entering data, making graphs to plot your data 
points, and putting lines on the graphs. 

If you don’t have an instructor handy, you can probably figure it out on your own. Another 
alternative is to use the movies that come with the software; they’re a series of really short videos 
that show you the basics, kind of as an instructor would. Look for them in the Help menu.

As a last resort, you can read some directions. Like these: 

Entering Data 

With your mouse pointer, drag a table into the workspace. You get an empty table. It will look 
like a little spreadsheet for your data. First, you need column headings. Click where it says new, 
and type in the name of the variable (Fathom calls these attributes). Press tab when you’re done 
with the name, and you’ll be ready to enter the next variable name.

Now you can enter data in the table. Click in a table cell and type the value (with units if you 
have them). Pressing tab moves to the next cell across (and into the next line); pressing enter 
moves to the next cell down. 
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Plotting Points 

To plot your points, first make a graph. Do that (just like the table) by dragging one off the shelf. 
It will be empty to begin with. 

The idea is to assign variables to axes. So drag the name of a variable from the top of the table to 
the horizontal axis area. It will highlight when you’re in the right place. Then do the same for the 
vertical axis.

The order you assign the variables does not matter. Furthermore, if you put them on the wrong 
axes, just drag one on top of the other and they will switch. 

Movable Lines 

Once you have a scatter plot, you may want a line on it. 
The easiest way is to use the context menu for the graph. 

Point at the graph and click with the right mouse button. 
(Macintosh one-button users, hold down control—not 
—and click.) A menu appears; choose Add Movable 
Line to make a line on the graph. You can move the line 
with the mouse. Its formula shows up at the bottom of 
the graph, and as you move the line, the formula updates. 

Beyond Lines 

At the bottom of the same context menu, you will see 
Plot Function. (You will also see Plot Value, but you 
won’t need that in this book.) When you choose it, the 
formula editor appears. Fill in the function you want to 
plot and click OK.

A graph’s context menu.Figure 1 -1: 
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Six things to note: 

You can find most operations on the “calculator keypad” in the formula editor. Also, many  ➲

functions are organized in the browser on the right. 

You can use  ➲ * (Shift-8) to do multiplication and / for division. 

Use  ➲ ^ (Shift-6) to get an exponent. 

Use  ➲ →  or just click to get out of “exponent land.” 

Parentheses are your friends. When in doubt, use them.  ➲

If the formula editor is open, you cannot do anything else until you close it.  ➲

When you make functions, you will enjoy using sliders as parameters. Drag a slider off the shelf; 
it will have a name (probably V1) and a value (5.00). You can change the value by typing or by 
dragging the pointer. Most important, you can also change the name. That means you can give it 
the name of some constant in your formula that you want to change dynamically.

That is, if you want to plot y ax= 2 , make a slider called a, choose Plot Function, and type 

 a * x ^ 2

in the formula editor. Press OK when you’re done. 
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Rescaling Axes

There are three principal ways to rescale axes in Fathom, and the very best way to learn them is to 
watch the Fathom movie about it. (Go to Help, choose Fathom Movies, and in the page that 
appears, choose Graphs. The movie about rescaling axes is the fifth one down.) But in case you 
would rather read, do one of these:

Using the graph inspector ➲ . Double-click the graph to open its inspector. In the Properties 
panel, edit the numbers for the axis bounds. (This is like setting xmin, xmax, etc., on a 
graphing calculator).

Dragging ➲ . Point at the numbers on a graph axis. The pointer turns into a hand. Drag 
numbers off the axis if you want to zoom in, or drag numbers back onto the axis f you want 
to zoom out. Sounds weird, but once you do it it will be obvious.

Drag the hand left or right to rescale.

Zooming ➲ . Point at a graph or an axis and hold down control (Windows) or option 
(Mac). The pointer turns into a magnifying glass. Clicking zooms in about that point. 
Shift-clicking zooms out. Dragging in a graph zooms to the rectange you drag.

Writing Up Solutions 

There are many ways to write up problems you have solved using Fathom. One is to use your 
favorite word-processing program. To put a Fathom graph into your word processor, select 
a graph in Fathom, then choose Copy Picture from the Edit menu. Switch to your word 
processor and Paste. 
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Another strategy is to use text objects in Fathom itself. Drag a text object off the shelf and type 
into it. To do more formatting, choose Show Text Palette from the Edit menu. The right-hand 
button opens up a math palette (Figure 1.1) that will help you write good-looking formulas. 
Fathom also has an extensive help system that includes a series of movies you can use to learn 
many different techniques. 

The Fathom Text Palette. Clicking on the right-hand button open up the math panel (shown). Figure 1 -2: 
Clicking its right button opens up a panel with some useful symbols.  
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Linear Functions Chapter 2: 

This chapter will let you get used to using Fathom to make mathematical models, and give you a 
chance to review how linear functions work. 

People often learn that the formula for a line is 

y mx b= +(2 -1)  or y kx=

where both formulas describe linear relationships ; the right-hand one is also a direct proportion. 
The letters m and k each represent the slope of the line, the amount that y increases when x 
increases by one. In the left-hand formula, the b is the y-intercept. On the right, the y-intercept is 
zero: the line goes through the origin. 

Two problems arise as soon as you add data to the mix. First, the data may come with variable 
names other than x and y. You may have data about the price and weight of tomatoes;1 This 
means that if you make the equation for a line on the graph, it might look like 

price = m × weight + b  or price = k × weight.

On the computer, you might also change the names of the parameters m, b, and k. (How can 
you tell the difference between parameters and variables? If you would put them on the axes of a 
graph to see if they are related, they’re the variables. We’ll talk a great deal more about variables 
and parameters in Section 2.4 on page PPP.) 

The second problem is that when you put a line on a graph with real data, it won’t go through all 
of the points. This bothers some people a lot—but don’t let it get to you. Just remember what we 
said about the model not being reality. 

Introductory Data with Linear Models 2.1 

We’ll begin with several problem sets. In each one, you’ll get some data. We tell you right now 
that a linear relationship makes sense for the data. 

1 In this book, we’ll use a different font for things in the computer files.
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What do you do? Enter the data if you have to, put a movable line on the data, and figure out 
what the slope and intercept mean. In each problem set, there are questions to answer and hints 
about what to do next. 

Fathom Tip: To Make the Line Go Through the Origin 

In some situations, by their nature, the y-intercept should be zero. In that case, you would have a 
direct proportion instead of a simple linear relationship, that is, y kx=  instead of y mx b= + .

To do that in Fathom, right-click on the graph that has a line in it and choose Lock Intercept 
at Zero from the context menu. (One-button Mac users: use control-click.) 

Another Fathom Tip: Getting Values from the Lines 

Suppose you have a line that tells you the cost of tomatoes depending on their weight. It might 
have an equation like: 

cost(2 -2)  = 1.25 × weight.

We might ask you to tell us, if you have 17 units of money (dollars, euros, zlotys), how many 
units of tomatoes (pounds, decigrams, whatever) you can buy. How do you do that calculation? 

The main thing is to be a resourceful math student. You have a calculator. Your computer 
probably has a calculator. Use either one. To use Fathom directly, there are several strategies. 
Here are three: 

Calculate the quantity in a computed slider. Make a new slider, then double-click its axis.  ➲

Its inspector appears. Double-click the formula box across from its name to open the 
formula editor. Enter the formula and click OK. The slider gets the value you want.

Calculate the quantity in a summary table. Right-click on a new summary table, choose  ➲

Add Formula from the context menu, enter your formula, and click ok. 

Make a new data value in your table, with  ➲ cost = 17. Give it any reasonable value for 
weight. It will not fall on the line, so just change weight until it does. 
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Count by Weight Problem Set 1: 
Here’s the situation: We have a bowl, and we put different numbers of glass beads into it. The 
beads are all approximately the same size and shape. The data are in Table 2-1.

Bead Data Table 2-1 

number of 
beads

total 
weight
(grams)

10 209.6

20 229.2

30 248.0

45 279.0

Enter the data, plot it, and make a model for the data. Use a 
straight line; in Fathom, we recommend a movable line. The 
line has two parameters: slope and y-intercept. 

What are the slope and the 1 y-intercept? 

What do they mean in the context of this problem? 2 

The points do not fall exactly on the line. What does that 3 
mean? 

Suppose we put 85 beads in the same bowl. What do you 4 
think they will weigh? 

If you actually weighed 85 beads, you probably wouldn’t get that exact value. What 5 range 
of values seems reasonable, given your data? That is, what is the smallest weight that seems 
reasonable? What is the largest weight that seems reasonable? 

Two Strategies for Variation 

Task 5 deals with variability in the data. How do you deal with variability? There are many ways; 
here are two strategies: 

Add new data to plot possibilities and look at them. With the data in Table 2-1, 400  ➲

grams is too small for 85 beads. If you plot (85, 400g), it clearly does not fit. Therefore the 
smallest value must be bigger than 400 grams. Adjust the value until it looks reasonable. 

Plot more than one movable line. (Choose  ➲ Add Movable Line again from the graph’s 
context menu.) That way you can set one to show the highest value that fits with the data, 
and one to show the lowest reasonable value. 
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Onward! 

Suppose you had a bowl and some beads, and the total weighed 307.8 grams. How many 6 
beads do you suppose there are? 

In the previous question, do you think you could you be off by one bead? By more than 7 
one? Back up your answer with mathematical reasoning. 

Extension 

The file Kisses.ftm and Table 2-2 have data for sets of Hershey’s kisses wrapped in different 
colored foils. Analyze the data. You’ll see that a different line fits each color. 

You can plot the colors of foil with different symbols in Fathom. Just drag the variable name 
(foil) to the middle of your graph. 

What are the slopes and intercepts of the two lines? Why do you suppose they are 8 
different? Give as many possible reasons as you can. 

Kisses Data Table 2-2 

foil N mass
(g)

gold 5 31.32
gold 5 32.05
gold 5 31.77
gold 10 53.73
gold 15 76.79
gold 20 98.54
gold 24 116.31
gold 32 151.36
gold ?a 195.76
silver 5 42.64
silver 5 42.15
silver 5 42.40
silver 10 65.81
silver 16 94.33
silver 26 141.23
silver 30 159.80
silver 19 ?b
silver ?c 197.88

The table has some missing values in it. What numbers belong where the three question 9 
marks are? (Think of these as questions 9a, 9b, 9c.) How did you get these values?

Note: don’t enter the question marks into this data table—just numbers! If you don’t know 
a value, leave it blank.
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Writing about Slope and Intercept2.2 

When you have thought about some data and found a line that fits it pretty well, there are many 
different ways to respond to a question that asks you what the slope or intercept means. In this 
section, we’ll look at different responses and see what kinds of responses are most helpful.

Suppose you’re analyzing the silver-wrapped kisses from Table 
2-2 on the facing page(xxx). You make a graph and put a 
movable line on it, and make it fit pretty well. The equation for 
the line on the graph is 

mass = (4.73g) × N + 18g

If we ask the meaning of the “4.73” in that equation, there are 
different levels of response. Let’s look at some possibilities and 
give some comments: 

 It’s the slope.  or  It’s m.  or   It’s rise over run. 

These are all correct, and somewhat helpful. But they don’t communicate what you know about 
slope. You may think it’s obvious, but it’s not. 

 For each additional kiss in the bowl, the bowl with kisses weighs an additional 4.73 grams. 

This is better, and shows some understanding of what the formula actually means, but doesn’t 
connect the equation clearly to the underlying context. It’s more an explanation of how the 
equation for a line works. Sometimes it’s the best you can do, but here, we could write: 

 Each kiss weighs 4.73 grams. 

This really gets at what that slope means. From the data, we get relevant information about the 
stuff we’re investigating. We could go a little further: 

 A typical (or average) kiss weighs 4.73 grams ; or Kisses weigh about 4.73 grams. 

Which show that you’re aware that 4.73 is not an exact figure, that the kisses vary in mass. You 
can use the same thinking to improve an explanation of the intercept: 

 The bowl weighs about 18 grams. 

is better than either

 b = 18 or  The weight of the bowl and the kisses when the number of kisses is zero is 18 g.

…which is probably going too far. Clearly this is a balancing act. We’ll explore this further in 
Section xxx2.4 on page PPP. 
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Radiosonde Problem Set 2: 
In 1991, they released a weather balloon from Coffeyville, Kansas. It had instrumentation 
attached to it that recorded (among other things) the time since launch and the altitude of the 
balloon. 

Open the file Radiosonde.ftm. Make a graph with height on the vertical axis and time on the 
horizontal axis. Note that the data look pretty linear. 

Radiosonde Data (beginning) Table 2-3 

height pressure temp time
(m) (mb) (C°) (sec)

227 985.1 11.2 -33
228 985 11.2 10.2
271 980 11.8 18.4
313 975 11.7 26.2
356 970 11.5 34.4
400 965 11.4 42.9
443 960 11.3 51.0
487 955 11.4 59.4

   

Put a movable line on your graph. Make it fit the data reasonably well. The equation for the 
movable line is at the bottom of the graph. 

For how many hours do we have data? 1 

How high did the balloon ascend in that time? 2 

Explain the meaning of the slope of your line. 3 

Why do you suppose the first data point is at −33 seconds instead of 0?4 

It’s not obvious whether the line goes through (0, 0) or not. You need to zoom in. (See page ppp 
for a reminder of how to do this.) To re-expand the graph to its native scale, choose Scatter Plot 
again from the pop-up menu in the corner of the graph. 

Zoom in to find the 5 y-intercept. What is it? 

What does it mean in the context of the problem? (Note: the easy answer is, “the value of 6 
the height variable at time = 0.” Sure—but that’s almost a definition of intercept. What 
we need is the real-world significance of that number.) 

What pattern (if any) is there in the speed of the balloon? 7 
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Extension: Temperature 

Make a new graph that shows temp as a function of height. It’s pretty linear between about 
3000m and 10000m altitude. 

What is the slope of this graph? What does it mean? (This is called the 8 lapse rate.) 

What is the lapse rate in degrees C per km? 9 

How would knowing the lapse rate ever be useful to you in real life? 10 

Surf ’s Up! 

Here are some tasks that you can use the Internet to complete. 

What does “radiosonde” mean? Do a web search to find out. 11 

What is a typical value for the lapse rate? You can probably find the “dry adiabatic lapse 12 
rate” (which is about 10 degrees C per km) and the “saturated adiabatic lapse rate,” 
which are theoretical values. How does our lapse rate compare with these? Why are they 
different? 

We said that its instrumentation recorded time and altitude “among other things.” One 13 
of those other things is temperature. Based on what you have been reading, what other 
measurements do you suppose the instruments recorded? 

Totally optional trivia: Coffeyville, Kansas has an exciting past. What important event 14 
happened there on October 5, 1892? 

For a little more insight into this data set, check out Chapter 5 on residual plots, which begins 
on page PPP. 
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Pencil Sharpener Problem Set 3: 
We took a brand new pencil, measured its length—from the top of the eraser to the opposite 
end—and weighed it. Then we gave it five cranks on a pencil sharpener, measured it, and 
weighed it again. We repeated this until we had done a total of forty cranks. The data appear in 
PencilSharpener.ftm and Table 2-4 

Pencil Sharpener Data Table 2-4 

cranks length mass
(number) (cm) (grams)

0 18.9 4.24
5 18.9 4.11

10 18.9 3.98
15 18.3 3.88
20 17.8 3.79
25 17.4 3.72
30 16.8 3.61
35 16.3 3.48
40 15.8 3.37

We will begin by studying the relationships between 
length, mass, and cranks. As a first step, we’ll plot every 
combination of these three variables. 

How are 1 length and mass related? Find the 
equation of a line that fits the data pretty well. 

How are 2 length and cranks related? Find the 
equation of a line that fits the data pretty well. 

How are 3 mass and cranks related? Find the equation of a line that fits the data 
pretty well. 

When you made your graphs, two of them had negative slopes, while one had a positive 4 
slope. Alphonse says that the positive-slope graph has to be wrong because the pencil is 
only getting shorter as you crank. Explain to Alphonse why the graph with the positive 
slope makes sense. 

Explain the meanings of the three slopes you have determined. 5 

Explain the intercepts (if any) for your three lines. If the intercept is zero, explain why. 6 

Somebody gives you a pencil of the same model, and you measure it. It’s 10.0 centimeters 7 
long. Based on these data, about how much do you suppose it weighs? How many cranks 
of sharpening has it been through? How well do you think you know these quantities? 
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The 8 length vs cranks graph2 is linear with a negative slope, but flat at the beginning. 
Explain the flat part. (Requires common sense in addition to “math sense.”) 

Except for that flat part, these data are pretty linear. What would it mean if they were 9 
curved? 

Extension 

Here is a picture of the end of a pencil, with a ruler. 

What is the density of the pencil? Show how you 10 
got your answer, and list any assumptions you 
made. 

How well do you know the density, that is, plus or 11 
minus what? 

xxx better photo!

2 In this book, we’ll use a different font for things in the computer files.
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Book Pages and ThicknessProblem Set 4:  
For this problem set, you could take the measurements 
yourself ! Take a bunch of paperback books, of different 
sizes. Measure their thickness and count the number of 
pages. Because counting the pages can be tedious, just look 
and find the highest page number. Record the data. Make a 
graph. Put a line on the graph that roughly fits the points. 

If you can’t measure your own books, the file Paperbacks.
ftm and Table 2-5 have a number of books, all paperback. 
The relevant variables are hiPage (the top page number) and thickness. 

Selected Paperback Data Table 2-5 

thickness hiPage Title 
(cm) 
2.8 382 Red Square 

1.75 272 A Dreadful Lemon Sky 
1.6 214 Why Aren’t They Screaming? 
2.2 339 Venetian Mask 
1.7 230 Death of a Russian Priest 
3.3 517 A Perfect Spy 

Explain the parameters of the line: the slope and the intercept. 1 

If the points do not fall cleanly on a line, explain why they do not. 2 

On your graph, what’s the difference between books that lie above the line and books that 3 
lie below it? If any books are well off the line, see if you can explain why. 

Suppose you measured a number of hardcover books. How would you expect their graph 4 
to be different? 

If you put the paperbacks and the hardcovers on the same graph, do you think it would be 5 
easy to tell them apart? Try it and see. 

How thick is a typical piece of paper? Explain how you know. 6 

Suppose you had actually counted pages. How would your results be different? 7 

The file Paperbacks.ftm has an additional collection (scroll down if you cannot see 
it) called O’Brien. It contains data from four books by Patrick O’Brien—all from the 
same series.

How do you expect a graph of these data to be different from, or the same as, the data in 8 
the Paperbacks collection? Analyze the O’Brien data and report on what you find. 
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Problems That Require New Variables 2.3 

Up until now, you have been able to answer all of the questions using the data that appear in 
the tables and files. But often, in data analysis, you have to derive new data, combining it in 
interesting ways to answer the questions more easily. 

In Fathom, you create a new variable by clicking in the new box at the top of an empty column. 
There, type a name of the new variable (or attribute) and press tab or enter. Now you can type 
in values. . . but that’s probably not what you want to do. 

You probably want to write a formula for the new attribute, and have Fathom simply calculate all 
of the values for you. 

To do that, right-click on the name of the attribute at the top of the table (Macintosh users with 
one-button mice, control-click) and choose Edit Formula from the menu that pops up. A 
formula editor appears. Type the formula you want and click OK. The new values will appear in 
the column. 

    

  

Five steps in making a new, calculated variable. Basically, you give a name to a new column, then give Figure 2 -1: 
the column a formula. 

Figure 2.1 shows the steps of making and calculating a new column. They show what you will 
have to do in the very next problem set, about Chinese trains. 

Note that if Fathom’s formula editor is open, you can’t do anything else with the program until 
you close it. 
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Chinese Trains Problem Set 5: 
Imagine taking a train trip through China. We’ll take the train from Shanghai, traveling north to 
Beijing. The file ChineseTrains.ftm has timetables for two trains (T1462 and T104) that make 
that journey. You will find (among other things) the distance in kilometers from Shanghai to 
each station on the route and the departure time of the train from that station. 

The arrival and departure times are in the usual time format (e.g., 10:42) but we have converted 
it, in the time column, to hours in decimal format. Sample data from Train 1462 appears in 
Table 2-6. You can see that it’s a long trip from Shanghai to Beijing; you get to Beijing on the 
second day. because of this, we have added 24 hours to the times on the second day. That way, 
the time variable shows the total time in hours since midnight on the first day of the trip. 

Train 1462 Timetable, Shanghai to Beijing Table 2-6 

Station Arrival Departure distance time
(km) (hours)

Shanghai - 14:25 0 14.42
Kunshan 14:55 14:58 49 14.97
Suzhou 15:22 15:28 84 15.47

Wuxi 15:54 16:16 126 16.27
Changzhou 16:45 16:51 165 16.85

Danyang 17:17 17:20 209 17.33
Zhenjiang 17:42 17:46 238 17.77

    

Tianjin West 10:31 10:44 1316 34.73
Beijing 12:14 - 1463 36.23

Since the two trains are in different collections—completely different data sets—it will be easiest 
to compare them by making separate graphs. 

Using only the table, how many hours is the trip on train 1462? 1 

Knowing that the distance is 1463 km2 3 (find it in the table), what is the average speed 
of the train? 

Create a graph of 3 distance vs time for each train, and make a line that approximates the 
data as well as possible. 

Tell what the slope and intercept mean for each of the two lines. 4 

Compare the two trains using the information from their graphs. 5 

3 Could it be a coincidence that the train number is 1462 and the distance is 1463? Maybe it’s a policy for namin 
trains but they were off by one. The author does not know. 
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Looking carefully at Train T1462’s graph, you probably see that you could make a better model 
using two (or three) lines with different slopes. That is, the slope changes at about 27 hours. 

What are the slopes of the lines in different parts of the graph for train T1462? At what 6 
times does the slope change? What does the change of slope mean in the context of the 
problem? 

How do the two slopes compare with the speed you calculated from the table back in task 7 
2? Comment on how the slopes correspond to the calculated speed. 

Extension 

Make a new calculated column that contains the time since the train left Shanghai; call it 
elapsed. (a good formula might be elapsed = time − first(time)) Use it instead of time on a 
graph. 

How does using 8 elapsed change the functions that fit the data? 

Is the “express” train (T104) actually going faster, or does it just take less time to get to 9 
Beijing because it spends less time waiting in stations? Explain how you figured out your 
answer. 

Source 

Where did we get the train schedule? We searched the web, and found http://www.
travelchinaguide.com/chinatrains/index.htm, among many possibilities. 
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Hooke’s Law Problem Set 6: 
If you pull on a spring it pulls back; in fact, the force it exerts is directly 
proportional to how far you pull it. 

Physics people write this as F k x= − ∆ . It’s called “Hooke’s Law” because a guy 
named Hooke figured it out. In the formula, F is the force and ∆x is the amount 
the spring has been stretched. The minus sign indicates that the force is in the 
opposite direction to the stretch. The parameter k is a constant of proportionality, 
called the spring constant. This number will be different for different springs. 

One way you can study a spring and learn its spring constant is to hang the spring 
vertically and attach different weights to it. The more weight, the longer the 
spring. That’s what we did, and now you’re going to analyze the data: 

Open the file Hooke.ftm. The data also appear in Table 2-7. You’ll see how long 
the spring was (sprlen) for different weights (mass).4 

Spring Data Table 2-7 

sprlen mass
(cm) (kg)

38.5 0.0
60 1.0

80.5 1.7
50 0.7
45 0.5

38.5 0.2
54 0.8
84 1.8
77 1.6
74 1.5

Make a graph of the data. Tell everything you can about the spring (including its spring 1 
constant). Explain the meaning of the slope and intercept of the line that fits most of the 
data. Explain how you know. 

If you’re not sure how to respond to that task, read the rest of the questions in case they help. 
Hint: Make a graph, put a line on it to fit most of the points. What do the intercepts mean? 

4 Physics distinguishes between weight and mass. Mass is a measure of the amount of stuff; weight is how much 
gravitational force it feels. Here—near the surface of the Earth—these two things are proportional. We will be 
a little loose with usage in this book, only because it sounds clearer and more friendly to talk about attaching 
weights to the spring, and we’d rather report these measurements in kilograms (which more people understand) 
than in Newtons. 
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How long would the spring be if you hung 2 kg from it? How did you get your answer? 2 

If the spring were stretched to a length of 68 cm, how much mass would be hanging from 3 
it? How do you know? 

According to your formula, how long would the spring be if there were no weight on it? 4 

The ∆x in the formula is the amount of stretch. But the variable you have, sprlen, not how 
much the spring is stretched, but rather the total length of the spring. 

Explain how to calculate the stretch from the length (5 sprlen).

Make a new column that has the stretch (not the length, sprlen). Use a 
formula to calculate the values of stretch and graph stretch against mass. 

Do the points show a direct proportion (zero intercept) as opposed to a 6 
linear relationship with a non-zero intercept? Why should they? If they 
don’t, see if you can explain why not. 

There should be one point that doesn’t fit the line. See if you can explain 7 
why the point does not fit the pattern(XXX-tabs). 

Given that these data are from a real spring, the formula will only be good for a certain 8 
range of values. What do you think the range is? What could you do to find out more 
about the applicable range? 

Extension 

Which is the independent variable in our setup? How would you set up the experiment to 9 
make the other variable independent? 

We said that the formula was 10 F = −k∆x. The variable stretch is ∆x. Does the formula 
work? What is k? 

If you had a stiffer spring, will its 11 k be larger or smaller? Explain. 

Since there is a direct proportion, 12 k should be the slope of something. Which way do you 
set up the axes so that k is the slope? 

Surfing tasks 

Who was Hooke? When did he live and where? 13 

How did you find this information? (If you did it on the Internet, what search string(s) did 14 
you use?) 

What’s the deal with him and Isaac Newton? 15 
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Microwave Heating I Problem Set 7: 
We put a beaker of water in the microwave for different amounts of time. You can find the data 
in MicrowaveTime.ftm and in Table 2-8. We recorded three variables: 

before the temperature of the water before the oven was turned on 

time the time the oven was set for 

after the temperature after heating 

All of the runs were with the same amount of water, and all were at 100% power. 

Microwave Heating Data Table 2-8 

before time after
(C) (sec) (C)

24.80 10 26.10
26.30 10 28.10
28.00 20 31.70
31.80 15 34.20
34.20 10 35.60
35.60 30 41.40
39.80 25 44.40
43.80 20 46.60
46.50 20 49.50
49.40 10 50.30
25.20 20 28.90
28.90 40 36.50
35.86 50 45.22

Since you have three columns here instead of the usual two, it may not be obvious what to do 
with them. (We did have three columns when we looked at the pencil sharpener, but that was a 
little different.) You need a strategy. Here are two: 

Ignore one of the columns  ➲

Somehow combine some of the columns into one by creating a computed column.  ➲

Figure 2.2 shows the relationship between the temperatures before and after heating. The 
graph shows a clear relationship: in general, the hotter it was before it went into the oven, the 
hotter it was when it came out. This is not surprising, and says nothing about the main issue: the 
effect of time on the heating. Therefore you have to do something else with the data. 
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Temperatures before and after heating in the microwave. Figure 2 -2: 

Make a graph that shows the effect of 1 time. (That means that time belongs on the 
horizontal axis.) How did you account for the fact that the starting temperatures were not 
all the same? 

Put a line on the graph to approximate the data. What is the relationship? What do the 2 
parameters (most likely slope and intecept) mean? 

Is this a situation where you would think that the intercept should be zero? Why or why 3 
not? Do the data support your answer? Explain. 

Suppose you took the same amount of water at 25°C and put it in this microwave on high 4 
for 75 seconds. What temperature will it have when it comes out? 

Same water, 25°C. About how long does it take to boil water with this microwave? 5 
(Remember that the boiling point of water is 100°C.) 

What possible effect could different starting temperatures have on the phenomenon? 6 

Is 25°C a reasonable starting temperature for the water? Explain.7 

This last question, #7, is not strictly a math question. But you should always look a quantities 
and ask yourself whether they are reasonable.
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What’s the Point? To Look for Meaning 2.4 

The movable line shows the equation of the line at the bottom of the graph, which means we 
know the slope and the y-intercept. 

And while finding a good slope and intercept are laudable goals, the most important thing is 
what they mean—for example, the slope might be weight of a single bead, the intercept might be 
the weight of the bowl. We also want to know, if we can, how these numbers combine logically 
to create the mathematical function (the line) that describes the situation. 

The scoop on slope and intercept 

The slope is always a rate. It’s the amount that the y variable changes for each unit change in x. 
If we return to the tomatoes, cost = 1.25 × weight, the slope (1.25) is the amount that cost 
increases when weight goes up by one. So it is the cost of one unit of tomatoes. 

Here is a trick that, like most tricks, will invariably get you into trouble if you use it 
unthinkingly: To figure out the meaning of the slope, think about the units of the slope. The 
units of slope are the y-thing per the x-thing. 

So if you have a graph, take vertical per horizontal. 

An example: suppose you have a time and distance graph. You have distance (in meters) on the 
vertical axis and time (in seconds) on the horizontal. Then the units of the slope are meters per 
second. Aha! It must be the speed! ( Just as in the Chinese Trains, Problem Set xxx.)

A second example, back again to the tomatoes. If the vertical axis is cost (in euros, say) and the 
horizontal is in kilograms, the slope is euros per kilogram. 

The intercept (b in y mx b= + ), by contrast, is always in the y-units. It is the value you get when 
the predictor (x) variable is zero. In most cases, you can reason about it just that way. 

If we measure the temperature of the room, and turn on the heater at time zero, and then record 
the temperature every minute, we might get a line like 

Temperature(2 -3)  = 22 + 0.65 × time 

where Temperature is in degrees Celsius and time is in 
minutes. In this case, the slope is 0.65 (use the trick: degrees 
per minute ). 

But what does the intercept (22) mean? That 22 is the 
value of Temperature when time is zero. And it has the 
same units as Temperature— degrees Celsius. Aha! It’s the 
temperature of the room before the heater is turned on. 

22

23

24

25

26

time  (minutes)
0 1 2 3 4 5 6 7

temperature = (0.638 °C/min)time + 22.07 °C

Temperatures Scatter Plot
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Overall Meaning

Finally, if possible, you need to figure out why the function makes sense as a whole. In the linear 
case, we could make common-sense arguments, for example, that the weight of the bowl has to 
be the intercept because it’s the value when there are zero beads; and the additional weight is just 
the number of beads times the weight of one bead, so the formula has to be 

W W N Wtotal bowl bead= + ×(2 -4) 

(which is just y mx b= + , switched around, with different letters). 

The connection of the formula to the situation will not always be so clear with data that don’t 
fall in a straight line. But in the next chapter, we’ll help you see how it works. The first example 
especially (Set 8 on page PPP) shows how to figure out all the meanings you could ask for. 

But the most important meaning in a linear relationship is actually the simplest: the fact that the 
relationship is linear. The slope is constant. The rate that it represents does not change. 

In our beads-in-a-bowl context, it means that the weight of the next bead is the same no matter 
how much is in the bowl already. 

Parameters 

In the linear case, the slope and intercept are the parameters that determine the line. You can 
think of them (mostly) as the constants that appear in the formula. 

But how constant are they? It depends on your point of view. For any individual y mx b= +  
line, the m and b are constants. But to find a pretty good line for the data, we moved the line, 
changing the slope and intercept in the equation. 

So parameters are not quite constants—not like 3 107× , 0.01, or π—and not variables either—
at least not like x and y. They have a different role. 

The value of a slope or intercept means something special: it distinguishes that particular line 
from every other line. For example, the linear model works fine whether we’re weighing beads or 
nickels, but in one case, the slope parameter is the weight of a bead, in the other the weight of a 
nickel. 

Put another way, the general equation for a line is y mx b= + . In that equation, x and y are 
variables, while m and b are parameters. How can you tell the difference? When you make a 
specific line, the m and b become actual numbers, as in y = 3x − 5, while the x and y stay in their 
letter form. Put still another way, when we plot some formula, the letters that go on the axes are 
the variables. All the rest are parameters. 



34 Chapter 2:  Linear Functions 

Why Models and Not Just Calculations?2.5 

<icky graphic xxx>If you’re a natural skeptic, 
something about this whole endeavor may be 
bothering you. Remember when we measured 
the books and eventually found the thickness of a 
piece of paper? We did so by plotting a number of 
books on a thickness-pages graph. The slope of 
the resulting line was the thickness per page, and 
(except for a factor of two) a reasonable answer to 
our question. 

But why go to all that trouble? Why not just take 
the thickest book you can find, measure its thickness, look at its final page number, and divide to 
get the thickness per page? 

You could. And if all books were alike, that would make sense; but they are not. Time and time 
again, when we think we completely understand a relationship between two variables, and we 
actually measure them and plot them on a graph, and try to make a model, we find something we 
did not expect. 

Sometimes we simply see variation, and wonder what makes some points lie above the graph of 
the model and others below it. Other times we see that our model works well for a range of data, 
but doesn’t work for data outside that range. Still other times, we see that the entire shape of the 
model is wrong; and we wouldn’t have known if we had only taken one measurement. 

An example: in the case of the books investigation, the more pages in a book, the more likely 
the publisher will use thinner paper. So a big paperback dictionary may not be as thick as you 
would expect extrapolating from a collection of novels. The model is fine, but it only works for 
paperbacks of a certain size. Outside that range, the model will not predict the book’s thickness 
well at all.

Perhaps more important is to remember our purpose. Our job is not to measure the thickness 
of pages; if it were, just measuring and dividing would be fine. Instead, our job is to explore, 
understand, and quantify the relationship among variables. To do that as fully as possible, we use 
models: functions that predict one of those variables from the others.
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Beyond Lines Chapter 3: 

In the last chapter, we modeled data using lines. In Fathom, this has usually meant using 
Movable Line to draw the line on the graph. 

What if the data are not linear, though? There is no such thing as a “movable curve.” What do we 
do? The mechanics will be different, but the goal is the same: to find a function that fits the data 
as well as possible, and to understand the meaning of the parameters and the function’s logical 
connection to the data. 

The first step is to recognize the qualitative features of the data and how they correspond to 
features of the function. If the data curve up, you need a function that’s concave up, such as 
y x y e x= =2 or . If the data oscillate, you need a function that oscillates such as y x= sin . If 
the data seem to have a vertical asymptote, or approach a limit, the function should have that 
characteristic as well. 

One specific way to think about the meaning of the shape of a function is to apply what you 
learned from lines. Slope is often a rate, but with these curves, the slope is not constant. If the 
data are concave up, the slope—the rate of something—is increasing. What does that mean? 

Another next step is to figure out the form of the function that is the best model for your data. 
We say that these different functions have different forms. The function y x= 2 2 is the same form 
as y x x= + +5 3 12 : they’re both quadratic, even though the second one does not go through the 
origin. They’re basically the same shape, just stretched or squished or shifted around,1 and both 
are concave up. But no amount of stretching or shifting will convert either of them into y e kx= − . 
That exponential is just a different animal—even though it’s also concave up.

You’ll use different concave-up functions, trying to discover one that actually fits the data. If you 
try the wrong form, no matter what you do, you won’t be able to make the curve fit the data, or 
get the residual plot2 to flatten out. This is an important thing to learn: there are lots of curves 
that look kind of the same that really aren’t; an exponential like e kx just has a different shape (no 
matter what value you have for k) from a quadratic like kx2. 

1 We will discuss stretching and shifting transformations in detail in Chapter 4. 

2 We will discuss residual plots in Chapter 5. 
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Sometimes you will know from the context which type of function makes sense. Compound 
growth is exponential; areas are often quadratic; volumes go as the cube. Other times, you’ll 
figure out the form of the function from the data, and use that to understand the context better. 
In either case, the form of the function is part of the story the data tells you. What does it mean, 
for example, that data from a bouncing ball follows an exponential model? How is a bouncing 
ball like compound growth? When you describe the meaning of a model, you should answer 
questions like that. 

Finally, when you fit the model (the function) to the data, you will have found values for various 
parameters. Just as the slope and intercept have meanings with linear data, the parameters you 
use to build your functions each will mean something. The meanings may just be harder to 
figure out. But not impossible; for example, in an exponential, the k in e kx  is a rate of growth. 
It’s different from the m in mx + b, however: the slope m is an absolute rate (think “people 
(or dollars or kilograms or . . . ) per year”); the parameter k is a proportional rate (“percent 
per year”). 

Let’s talk about parameters in more detail. 

Parameters of Curves 3.1 

Different curves will have different parameters. While a line may have an equation like 
y mx b= + , a curve may have one like y ax= 2. For that quadratic curve, there is one parameter, a. 

It produces a parabola with a vertex at the origin. But you can also make a parabola with more 
parameters: 

y ax bx c= + +2
(3 -1) 

or 

y a x h k= − +( )2(3 -2) 

In these equations, a, b, c, h, and k are all parameters. In order to plot a specific curve, you have to 
give them actual numbers.

Having said all that, the distinction between parameters and variables may still be confusing. So 
try this explanation: 

The main thing we do in this book is plot data points and try to make curves3 that fit them pretty 
well. Focus on the difference between the points and the curves. We use the variables to plot the 
data points. Each data point has one value for each variable. To plot the curves, though, we need 

3 Remember: lines are curves, too—just straight ones.
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parameters and their values. For every possible value of the independent (predictor) variable, we 
calculate a value for the dependent (response) variable, using a function that has in it all of the 
parameters. We plot all those to make the curve. 

The Mechanics 3.2 

Now we’re ready to plot curves in Fathom. We need to do two things: 

Define parameters.  ➲

Use sliders. Drag a slider off the shelf, and edit its default name (such as V1) to be the name 
of your parameter. 

Plot the function.  ➲

Choose Plot Function from the graph’s context menu. When the formula editor appears, 
enter your function, using the names of your slider parameters. Click OK.

When you have done this, your function appears on the graph. You can change the value of a 
parameter by dragging the slider pointer or by typing in a new value and pressing enter. As you 
do this, the curve will move.

Sometimes, you don’t see the function because it’s outside the area being graphed. If that 
happens, a really good strategy is to figure out, for some really easy value of x (often x = 0), what 
the value of y must be. It will depend on the parameters. Set the graph so you can see x = 0 and 
change the parameters so that the relevant y will be visible. 

Once you can see the curve, you can gradually change parameter values to try to make it fit the 
data. If you can’t make it fit, maybe you have the wrong form for the function; that is, maybe you 
thought it was y ax y ax= =2 2and really it's  or something even more exotic. 

A First Nonlinear Model 3.3 

We’ll look at a specific set of data now and develop a model that fits it. After that, we’ll do a series 
of problem sets, and for each one, you’ll have a curve with a different form. 
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Inverse Proportion: Paragraphs Problem Set 8: 
If you take a paragraph of text in your word processor, you can change the width of the text by 
changing the paragraph indents. If you make the block of text thinner, it gets taller. If you make 
it fatter, it gets shorter. 

  

With wider margins, a paragraph in your word processor is shorter. Figure 3 -1: 

But how, precisely, does the height depend on the width? We’ll measure paragraphs and find 
out. You could measure paragraphs in your own word processor, just using the rulers it probably 
provides. Or you could get an actual ruler and measure the paragraphs on page PPP. Or if you’re 
really lazy, you could trust our measurements and open Paragraphs.ftm. That gets you the data 
points in Table 3-1 

Paragraph Heights and Widths Table 3-1 

height width
(cm) (cm)

6.5 9.3
12.2 4.9
19.3 3.1
8.3 7.0
4.2 13.9
3.5 18.4

You can see that if height is large, width is small and vice 
versa, as we saw just using common sense. But unlike the 
situations we have seen before now, this relationship does 
not look linear. See the graph in the margin. It’s decreasing, 
but as it decreases, the slope gets less negative. We call this 
concave upwards. What function might be a good model? 

There are several decreasing functions that are concave 
upwards. Maybe it’s the left-hand side of a parabola like y x= −( )20 2, or a decreasing exponential 
function such as y x= ×30 0 6( . ) . But in this case (as you might have guessed from the title of the 
problem set) we need a function that expresses an inverse proportion, that is, 

y
k
x

=(3 -3) 
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where k is a parameter. (Remember, the parameter is a specific number we will find when we fit 
the function to our data.) 

Make a slider for 1 k, and plot the function height = k / width on top of your data. (Notice 
that this is the same as y = k/x, with different names for x and y.) What is a good value (or 
range of values) for k? 

Now we look for meaning. The k you just found seems to work for this particular text. 

If there were twice as much text in each of the paragraphs, how would that change the 2 
relationship between height and width? How would that affect the value of k, if at all? 

Solve your equation for 3 k. (Not a trick question; it really is easy.) 

Using that solution, and thinking about the situation, what does 4 k actually mean? 

Why don’t the points all lie exactly on the line? 5 

The inverse function 6 y = 1/x blows up at x = 0. Does that happen to the model in our 
situation? Does that make sense in the context of the paragraphs? 

Extension 

Try to fit the data to a different concave-up function. Make two sliders, starting with values 
A = 30 and r = 0.9. Then use Plot Function and enter 

height = A * r ^ width 

in the formula editor. A decreasing exponential appears. Try to fit it to the data.

Describe your experience trying to fit the 7 
exponential and give a description of how you know 
it is impossible to do nearly as good a job with an 
exponential function as with the inverse. 

Why was that function a 8 decreasing exponential? 
What about the function makes it decreasing? 
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The Paragraphs 

You can measure these paragraphs to gather data for Problem 
Set 8. Each paragraph has the same text and font, but a different 
width. 

Yonder, by ever-brimming 
goblet’s rim, the warm 

waves blush like wine. The 
gold brow plumbs the blue. 
The diver sun—slow dived 
from noon—goes down; 
my soul mounts up! she 
wearies with her endless 
hill. Is, then, the crown too 
heavy that I wear? this Iron 
Crown of Lombardy. Yet is 
it bright with many a gem; 
I the wearer, see not its far 
flashings; but darkly feel that 
I wear that, that dazzlingly 
confounds. ’Tis iron—that I 
know—not gold. ’Tis split, 
too—that I feel; the jagged 
edge galls me so, my brain 
seems to beat against the solid 
metal; aye, steel skull, mine; 
the sort that needs no helmet 
in the most brain-battering 
fight!

Yonder, by 
ever-

brimming 
goblet’s rim, 
the warm waves 
blush like wine. 
The gold brow 
plumbs the 
blue. The diver 
sun—slow 
dived from 
noon—goes 
down; my soul 
mounts up! she 
wearies with 
her endless 
hill. Is, then, 
the crown too 
heavy that 
I wear? this 
Iron Crown of 
Lombardy. Yet 
is it bright with 
many a gem; 
I the wearer, 
see not its far 
flashings; but 
darkly feel that 
I wear that, 
that dazzlingly 
confounds. 
’Tis iron—that 
I know—not 
gold. ’Tis split, 
too—that I 
feel; the jagged 
edge galls me 
so, my brain 
seems to beat 
against the 
solid metal; 
aye, steel skull, 
mine; the sort 
that needs no 
helmet in the 
most brain-
battering fight!

Yonder, by ever-brimming goblet’s rim, the warm waves blush like wine. The gold brow plumbs the blue. The diver 
sun—slow dived from noon—goes down; my soul mounts up! she wearies with her endless hill. Is, then, the 

crown too heavy that I wear? this Iron Crown of Lombardy. Yet is it bright with many a gem; I the wearer, see not its 
far flashings; but darkly feel that I wear that, that dazzlingly confounds. ’Tis iron—that I know—not gold. ’Tis split, 
too—that I feel; the jagged edge galls me so, my brain seems to beat against the solid metal; aye, steel skull, mine; the sort 
that needs no helmet in the most brain-battering fight!

Yonder, by 
ever-brimming 

goblet’s rim, the 
warm waves blush 
like wine. The gold 
brow plumbs the 
blue. The diver 
sun—slow dived 
from noon—goes 
down; my soul 
mounts up! she 
wearies with her 
endless hill. Is, 
then, the crown too 
heavy that I wear? 
this Iron Crown 
of Lombardy. Yet 
is it bright with 
many a gem; I the 
wearer, see not 
its far flashings; 
but darkly feel 
that I wear that, 
that dazzlingly 
confounds. 
’Tis iron—that 
I know—not 
gold. ’Tis split, 
too—that I feel; 
the jagged edge 
galls me so, my 
brain seems to beat 
against the solid 
metal; aye, steel 
skull, mine; the 
sort that needs no 
helmet in the most 
brain-battering 
fight!

Yonder, by ever-brimming goblet’s rim, the warm waves blush like wine. The gold brow plumbs the 
blue. The diver sun—slow dived from noon—goes down; my soul mounts up! she wearies with 

her endless hill. Is, then, the crown too heavy that I wear? this Iron Crown of Lombardy. Yet is it bright 
with many a gem; I the wearer, see not its far flashings; but darkly feel that I wear that, that dazzlingly 
confounds. ’Tis iron—that I know—not gold. ’Tis split, too—that I feel; the jagged edge galls me so, 
my brain seems to beat against the solid metal; aye, steel skull, mine; the sort that needs no helmet in 
the most brain-battering fight!

Yonder, by ever-brimming goblet’s rim, the warm waves blush like wine. The 
gold brow plumbs the blue. The diver sun—slow dived from noon—goes 

down; my soul mounts up! she wearies with her endless hill. Is, then, the crown 
too heavy that I wear? this Iron Crown of Lombardy. Yet is it bright with 
many a gem; I the wearer, see not its far flashings; but darkly feel that I wear 
that, that dazzlingly confounds. ’Tis iron—that I know—not gold. ’Tis split, 
too—that I feel; the jagged edge galls me so, my brain seems to beat against the 
solid metal; aye, steel skull, mine; the sort that needs no helmet in the most 
brain-battering fight!

Yonder, by ever-brimming goblet’s rim, the 
warm waves blush like wine. The gold 

brow plumbs the blue. The diver sun—slow 
dived from noon—goes down; my soul 
mounts up! she wearies with her endless hill. 
Is, then, the crown too heavy that I wear? 
this Iron Crown of Lombardy. Yet is it bright 
with many a gem; I the wearer, see not its 
far flashings; but darkly feel that I wear that, 
that dazzlingly confounds. ’Tis iron—that I 
know—not gold. ’Tis split, too—that I feel; 
the jagged edge galls me so, my brain seems 
to beat against the solid metal; aye, steel skull, 
mine; the sort that needs no helmet in the 
most brain-battering fight!
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Checking for Sense 3.4 

Now that you’ve done one nonlinear model, let’s talk about some important issues. The first is 
related to finding the meaning of the function and parameters you found: you need to ensure 
that your model makes sense. What do we mean by that? 

Any time you’ve made a model function to fit data, or you’re about to, you should think about 
what makes sense for the situation. With linear data, just finding the meaning of the slope and 
intercept almost amount to checking for sense. What’s the weight of the bowl of candies when 
there are no candies? The weight of the bowl is the intercept. Does that make sense? 

Of course it does. But how do we check for sense in a nonlinear situation? 

Let’s use the set you just did (Problem Set 8)—the paragraphs— as an example. We wanted to 
model how the height of a paragraph depends on its width. We found that the model 

height =
k

width
(3 -4) 

did a pretty good job of matching the data. 

But does the model make sense? One way to check is to look at important values. For most 
functions, study what happens as variables get large or small. Check values at zero. Check any 
other special points as well, such as x-intercepts or the vertex of a parabola. 

Let’s look at our inverse-proportion model for paragraphs. As the width approaches 0, what 
does our formula do? According to the formula, the height approaches infinity. Does that make 
sense? Sure: as the width of the paragraph gets smaller, the letters will all have to pile up and 
make the paragraph really, really tall. 

Similarly, as the width → ∞, the height → 0. At least, those two limits are true as long as height 
is as tall as one line of text and width is at least one character. 4

Finally, check to see if you can make sense of the function as a whole. If you have an exponential 
model, is there anything about the situation that’s analogous to compound growth? If you have 
a cubic model, can you find the relationship between linear size and volume in the situation? Is 
there any existing formula you know about that is really this model in disguise? 

4 As we see here, sometimes a function only works over a particular range. For example, a function that describes the 
growth of children (height as a function of age, for example) won’t work if the age is much bigger than about 16. 
There’s nothing wrong with the function; people just stop growing. So in your work, if you see data that don’t fit, 
one possible reason is that they are out of the range of values in which we can reasonably expect the function to 
work. 
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In our case, with the inverse proportion, we can do some simple algebra to get some insight. We 
begin with Equation 3.4. 

height =
k

width  means that 

height width=k×  

Aha! The parameter k is the area of the rectangle defined by height and width. And since each 
paragraph has the same text, that makes sense: the text takes up the same area no matter how 
wide it is set. 

Not all situations in this book are that clear-cut, but some are; other times you may have to dig 
deeper to understand why a model makes sense. 

Explaining Your Function 3.5 

Making sure your function makes sense is only the first step. You also have to communicate how 
your model works. A big part of that is explaining why the function is the right function; to do 
that, one good idea is simply to go through why it makes sense. What does it give for special 
values? What is its asymptotic behavior? Why is it better than other reasonable alternatives? 
Over what range does it seem to work? 

Once you have done that, you need to explain the meaning of your parameters as much as 
possible. 

For nonlinear functions, this is generally harder than for lines, where (as we discussed in Section 
2.2 on page PPP) you just explain the slope and the intercept, and the slope is how much y 
changes per unit change in x, and the intercept is the value of y when x is zero. 

Questions in Problem Set 8 on page PPP led you to “discover” that the parameter k was the area 
of the text. It will not always be so easy. 

Suppose you’re investigating Gyro-Jump sales (y) data as a function of rainfall (x), and you find 
that a function of the form y Ab x=  fits the data. You have two parameters, A and b. How do 
you explain the meaning of the parameters? 

If you answer 

 The function is a decreasing exponential; A is its coefficient and b is the base, 

you’re technically correct, but it doesn’t help much. This is a description of the function, and 
nothing about the meaning. 

You may need to use context and the actual values to help explain what’s going on, as in: 
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 The decreasing exponential y x= ×( , ) ( . )12 400 0 81  fits the data pretty well. The number 12400 is 
the average Gyro-Jumps sales if there is no rainfall, and the (0.81) means that for every centimeter of 
rainfall, 19% (i.e., 100% −0.81) fewer Gyro-Jumps get sold. 

Note how the explanation shows an understanding of how exponential functions work. Even 
though we don’t know why rainfall depresses GyroJump sales, and we don’t know a name for the 
0.81 parameter (as we recognized that k was area in the paragraphs example), recognizing that 
you lose 19% sales per centimeter of rain is important. 

More Data That Need Elementary Functions 3.6 

Back in Problem Set 8 on page PPP, we put a curve on some data and used inverse variation to 
model it. It’s time to look at different curves. In this section, we’ll spend one or two problems 
sets on each of these elementary functions: 

Quadratic functions, i.e., parabolas; ➲

Square roots (which are just parabolas turned on their sides); ➲

Exponentials, both increasing and decreasing; ➲

Trigonometric functions, a.k.a. circular functions (i.e., sines and cosines); and  ➲

Power law functions.  ➲

Along the way, we will use logarithms in order to transform some of the data to make it 
easier to fit. (xxx true? if so, maybe rref ch 6xxx? if not, delete)



44 Chapter 3:  Beyond Lines 

Meet Some Elementary Functions Table 3-2 

Name Basic Formula Comment 

linear y mx b= + m is the slope, b is the intercept. 

inverse y k x= / Has both a vertical and a horizontal asymptote. 

quadratic y x= 2 Parabola. No asymptotes. 

square root
y x=

Parabola on its side. 

exponential y b x= Use any base b. Has a horizontal asymptote, but no vertical asymp-
tote. 

y e kx= A different form of the exponential. Here, k is a growth rate. Could 
have any base, not just e. 

y e x s= / Yet another form of the exponential. Here, s is a scale for growth (or 
shrinkage). Clearly, s = 1/k. 

power law y x p= No asymptotes if p > 0; often applies only if x > 0; parabola, inverse, 
and square root are special cases. 

sinusoid y x= sin Oscillates between −1 and +1 with a period of 2π. y = cos x oscillates 
in the same way. 

xxx fix vertical mismatches
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A Quadratic: Paragraphs and Font SizeProblem Set 9: 
In Problem Set 8 on page PPP, we looked at the same text 
set in columns with different widths. We saw that the 
height of the paragraphs depended on the width: wide 
columns made short blocks of text; narrow ones made tall 
columns.

In this set of problems, we’ll do something similar. But 
here, we’ll keep the width the same, and look at text set 
in different type sizes, As you might expect, if we have a 
bigger font size, the column of text will be taller. A little 
teeny font will make the column short. 

How much taller? Once again we’ll take some data. You can make your own text in a word 
processor and measure it, or you can turn to 44ppp and measure the paragraphs there. Or you 
can open FontParagraphs.ftm and use our data. We have recorded height, the height of a 
column, and points, the point size of the text.

Paragraph Heights, different font sizes Table 3-3 

points height
(cm)

5 5.5
6 7.9
7 10.7
8 13.9
9 18.2

10 22.0

As you can see, the data supports our common-sense idea that the bigger the font, the taller the 
column. The graph is increasing, but not linear. It is concave up again. 

Find a function that predicts 1 height as a function of points. (Use a quadratic function—
one with (points)2  in it. You can probably get by with one parameter.) 

On a graph, the data points look fairly linear. How can you tell, convincingly, that the 2 
relationship is not linear after all? 

Should your model (the function) go through the origin? Why or why not? 3 

We’d like to know the meaning of the parameter. Unfortunately, it’s not obvious. This parameter 
is more remote and abstract than others we have looked at, especially when compared to some of 
the slopes and intercepts in the linear problems. We can still look for meaning, though. 
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But how? We’ll do some thought-experiments (or real experiments if necessary). In the next few 
tasks, we will see how the function changes if we change the amount of text or the column width 
(which were the constants). 

How would the parameter change if we kept the same width and font sizes, but doubled 4 
the amount of text? Find the value of this new parameter and compare it to the real one 
you found before. 

Hint: What would happen to the height of the 12-point column if you doubled the 
amount of text? Do that for other point sizes as well; calculate the data and plot them; and 
find the new parameter value. 

How would the parameter change if we kept the same text and sizes, but doubled the 5 
width of the column? 

What do your answers to tasks 4 and 5 say about how the parameter is related to the total 6 
amount of text and to the column width? 

That tells us something about the parameter—how it would be different in different situations—
but we still need to figure out why the function is a quadratic instead of a line. To figure that out, 
think about what happens in a quadratic function. For example, if you’re looking at y kx= 2 , and 
you double x, that makes y increase by a factor of 4. 

Does that relationship hold true in your data? That is, if you double 7 points, does height 
quadruple? Give specific examples. 

Finally, we can look at the guts of the phenomenon itself. Sometimes, that may be very deep, and 
beyond your understanding. In this case, though, it’s just about letters on a page—something 
you’re familiar with from everyday life. 

The key realization is that when you double the point size, the height of a letter doubles, and so 
does the width. 

Explain clearly why it therefore makes sense that this function should be quadratic. 8 

Extensions 

Create a model that incorporates both the font size (in points) and the width of a 9 
paragraph. Use a word-processing program to make a block of text. Then change both font 
size and width, measuring heights to check your model. 

Do the relationships you have derived depend on which font you use? They will be 10 
different in detail, of course (the parameters will be different) but is the form of the 
function the same? Does it matter if the font has proportional spacing (like Times) or is 
monospaced (like Courier)? Take measurements to find out. 
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The Paragraphs 

You can measure these paragraphs to gather data for Problem Set 9. Each paragraph has the same 
text and width, but a different font size.

Yonder, by ever-brimming goblet’s 
rim, the warm waves blush like 

wine. The gold brow plumbs the 
blue. The diver sun—slow dived from 
noon—goes down; my soul mounts 
up! she wearies with her endless hill. 
Is, then, the crown too heavy that I 
wear? this Iron Crown of Lombardy. 
Yet is it bright with many a gem; I 
the wearer, see not its far flashings; 
but darkly feel that I wear that, that 
dazzlingly confounds. ’Tis iron—that I 
know—not gold. ’Tis split, too—that 
I feel; the jagged edge galls me so, my 
brain seems to beat against the solid 
metal; aye, steel skull, mine; the sort 
that needs no helmet in the most 
brain-battering fight! (9 point)

Yonder, by ever-brimming 
goblet’s rim, the warm 

waves blush like wine. The 
gold brow plumbs the blue. 
The diver sun—slow dived 
from noon—goes down; 
my soul mounts up! she 
wearies with her endless 
hill. Is, then, the crown too 
heavy that I wear? this Iron 
Crown of Lombardy. Yet is 
it bright with many a gem; 
I the wearer, see not its far 
flashings; but darkly feel that 
I wear that, that dazzlingly 
confounds. ’Tis iron—that I 
know—not gold. ’Tis split, 
too—that I feel; the jagged 
edge galls me so, my brain 
seems to beat against the 
solid metal; aye, steel skull, 
mine; the sort that needs no 
helmet in the most brain-
battering fight! (12 point)

Yonder, by ever-
brimming goblet’s 

rim, the warm waves 
blush like wine. The gold 
brow plumbs the blue. 
The diver sun—slow 
dived from noon—goes 
down; my soul mounts 
up! she wearies with her 
endless hill. Is, then, the 
crown too heavy that I 
wear? this Iron Crown 
of Lombardy. Yet is it 
bright with many a gem; 
I the wearer, see not its 
far flashings; but darkly 
feel that I wear that, that 
dazzlingly confounds. 
’Tis iron—that I 
know—not gold. ’Tis 
split, too—that I feel; 
the jagged edge galls 
me so, my brain seems 
to beat against the solid 
metal; aye, steel skull, 
mine; the sort that needs 
no helmet in the most 
brain-battering fight! 
(14 point)

Yonder, by ever-brimming goblet’s 
rim, the warm waves blush like wine. 

The gold brow plumbs the blue. The 
diver sun—slow dived from noon—goes 
down; my soul mounts up! she wearies 
with her endless hill. Is, then, the crown 
too heavy that I wear? this Iron Crown of 
Lombardy. Yet is it bright with many a gem; 
I the wearer, see not its far flashings; but 
darkly feel that I wear that, that dazzlingly 
confounds. ’Tis iron—that I know—not 
gold. ’Tis split, too—that I feel; the jagged 
edge galls me so, my brain seems to beat 
against the solid metal; aye, steel skull, 
mine; the sort that needs no helmet in the 
most brain-battering fight! (8 point)

Yonder, by ever-brimming goblet’s rim, the 
warm waves blush like wine. The gold brow 

plumbs the blue. The diver sun—slow dived 
from noon—goes down; my soul mounts up! 
she wearies with her endless hill. Is, then, the 
crown too heavy that I wear? this Iron Crown 
of Lombardy. Yet is it bright with many a gem; 
I the wearer, see not its far flashings; but darkly 
feel that I wear that, that dazzlingly confounds. 
’Tis iron—that I know—not gold. ’Tis split, 
too—that I feel; the jagged edge galls me so, my 
brain seems to beat against the solid metal; aye, 
steel skull, mine; the sort that needs no helmet in 
the most brain-battering fight! (7 point)

Yonder, by ever-brimming goblet’s rim, the warm 
waves blush like wine. The gold brow plumbs the 

blue. The diver sun—slow dived from noon—goes down; 
my soul mounts up! she wearies with her endless hill. Is, 
then, the crown too heavy that I wear? this Iron Crown of 
Lombardy. Yet is it bright with many a gem; I the wearer, 
see not its far flashings; but darkly feel that I wear that, 
that dazzlingly confounds. ’Tis iron—that I know—not 
gold. ’Tis split, too—that I feel; the jagged edge galls me 
so, my brain seems to beat against the solid metal; aye, 
steel skull, mine; the sort that needs no helmet in the most 
brain-battering fight! (6 point)

Yonder, by ever-brimming goblet’s rim, the warm waves blush 
like wine. The gold brow plumbs the blue. The diver sun—slow 

dived from noon—goes down; my soul mounts up! she wearies with 
her endless hill. Is, then, the crown too heavy that I wear? this Iron 
Crown of Lombardy. Yet is it bright with many a gem; I the wearer, 
see not its far flashings; but darkly feel that I wear that, that dazzlingly 
confounds. ’Tis iron—that I know—not gold. ’Tis split, too—that I 
feel; the jagged edge galls me so, my brain seems to beat against the 
solid metal; aye, steel skull, mine; the sort that needs no helmet in the 
most brain-battering fight! (5 point)
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Square Roots: Roller Coasters Problem Set 10: 
This problem set, like many later in the book, has a bunch of physics in it. You don’t have to be 
an expert—we’ll even tell you the equations. 

Background

In this case, we’re talking about conservation of energy. A roller coaster at the top of a slope has 
what’s called potential energy (PE), and as it goes down—and speeds up—that potential energy 
gets converted into kinetic energy (KE). 

Potential energy is proportional to how high you are; its formula is PE = mgh, where m is your 
mass, h is the height, and g is the acceleration of gravity. Kinetic energy depends on your speed 
v, as in KE mv= ( / )1 2 2 . Notice the quadratic dependence: if you go twice as fast, you have four 
times the kinetic energy. If no energy is lost as the roller coaster goes down the slope (and some 
is, to friction, etc.), all of the potential energy gets converted to kinetic, that is, 

mgh mv=
1
2

2
(3 -5) 

In this problem, you’ll use heights and topspeeds for a number of roller coasters. (In Equation 
3.5 those are h and v.) Those are our variables. The number 1/2 is a constant, and the other letters 
(m and g) are parameters. But the ms cancel, so g is the only parameter left. Let’s use the roller 
coaster data to estimate g, the acceleration of gravity.5 

What variable should we put on which axis? The way the situation works, it is height that 
causes topspeed. So we’ll put topspeed on the vertical axis. This means that when we plot our 
function, we should solve for v. We do that to Equation 3.5 (and cancel) to get Equation 3.6. 

v gh= 2(3 -6)  

Onward!

Now we’re ready for some data. They appear in Table 3-4 and in the file RollerCoasters.ftm.

If you look at the graph and say, “this looks linear!” you are not alone. But note two things: we 
have reasons from physics to think that v gh= 2 , and (more importantly) the graph ought to 
go through the origin—and the line obviously does not. 

5 If we know that acceleration, we could use the data to estimate the efficiency of the energy conversion, but 
somehow that’s less exciting. 
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Roller Coaster Data Table 3-4 

Name Place height topspeed
(feet) (mph)

Millennium Force Ohio 300 93
Steel Dragon 2000 Japan 306 95

Goliath California 255 85
Titan Texas 255 85

Desperado Nevada 225 80
Son of Beast Ohio 214 78.3
Mean Streak Ohio 155 65

Hercules Pennsylvania 157 65
The Boss Missouri 150 66.3
Rampage Alabama 120 55
Demon California 82 45
Grizzly California 88 50

Project Stealth California 100 51
Skyliner Pennsylvania 45 40
Cobra California 25 18

Plot 1 topspeed as a function of height, make a slider for g, and plot your function.6 
Change the parameter to make the best fit you can. Comment on the quality of the fit. 

In all likelihood, you have a units incompatible error and your function is plotted in 
magenta. To fix this, change the slider so that it has units of acceleration. Use meters per 
second per second, which is m/s ^ 2. Just edit them into the slider and press enter.

Now what is the best value for 2 g you can get (in m/s2)? 

6 To make the square root sign in Fathom, use the “key” in the formula editor. Then be sure to put the * between g 
and height.
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Based on your data, how big a drop do you need to go 200 miles per hour? 3 

If a roller coaster loses a lot of energy to friction as it converts potential to kinetic energy, 4 
will its point appear above the curve or below it on the graph? Explain why, based on the 
original energy formulas. 

The orthodox value for 5 g is 9.81 m/s2. Use that and the data to estimate what percent of 
its potential energy a typical roller coaster loses as it converts to kinetic energy on that 
big hill. 

One roller coaster, the Skyliner, in Altoona, Pennsylvania, seems to have more kinetic 6 
energy at the bottom than it had potential energy at the top. How could that be? (This is 
really a physics question, but it requires only common sense.) 

Note that with this kind of problem—where you get the formula up front—you don’t really 
have to figure out what the parameters mean; they’re in the original formulas. You can still 
use the data to reason about the situation, however: you can make predictions and even draw 
conclusions about whether the formulas really work. Which reminds us to ask, 

Why does the model have to go through the origin? 7 
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Exponentials: Ping-Pong Ball Problem Set 11: 
We dropped a ping-pong ball onto a hard table top, and used a microphone to listen to it 
bounce. The graph of sound level as a function of time looked like this: 

xxx redo w units?

Each spike is the sound of a bounce; you can see that the bounces are getting closer together 
in time. We took the times of each bounce and put them into bounceTime in the file 
PingPongBounce.ftm. You can also see part of the data in Table 3-5. That file also has 
calculated the time between the bounces and stored it in delta. The variable bounce is the 
number of each bounce, starting with zero. The first delta is the time from the beginning to the 
first bounce you can see in the graph (287 ms). 

Bounce Data Table 3-5 

bounce bounceTime delta
(ms) (ms)

0 0 287
1 287 272
2 559 254
3 813 240
4 1053 225
5 1278 214
6 1492 201
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The deltas are decreasing, but in what way? It turns out that every time the ball bounces, it 
goes up a certain percentage of the previous height. This also means that each delta is a fixed 
percentage of the previous delta. So if the first one is 100 ms, say, the second might be 90% 
of that, or 90 ms. If that’s the case, the third one will be 90% of that, or 81 ms, and so on, This 
situation is one of exponential decay. 

Find the function that predicts 1 delta as a function of bounce. Describe how you 
found it. 

What are your parameters and what do they mean? 2 

How many bounces does it take for delta to decrease by half ? Show how you can get that 3 
number from the formula, and give examples from the data. 
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Over about what range of values for 4 bounce will your function apply? (Think about a real 
bouncing ping-pong ball. What happens?) 

Extensions 

Physics students: We said that if 5 delta was decreasing exponentially, that means that the 
bounce heights are decreasing exponentially. Show that this is true. 

Here’s one way: Make a new variable for BounceHeight, and use physics to calculate it 
from the time delta. Then find the parameters for BounceHeight’s exponential decay. 

Then explain any differences between the parameters for BounceHeight and those for 
delta. 

Calculus students (or just brave students; this doesn’t require calculus): Look at the graph 6 
of bounceTime as a function of bounce. Find that function. 

Really brave students: calculate 7 delta as a function of bounceTime. 

Background: How to make an Exponential Function 

If it’s not obvious how to do task 1, here is a way to think about it.

Let’s concoct specific examples and see what the pattern is. We’ll use the example from above, 
using “nicer” numbers because they’re easier to think about: the first bounce is 100 ms, and each 
subsequent one is 90% of the previous. We’ve put the results in Table 3-6. 

Sample bounces Table 3-6 

bounce delta formula

0 100 100
1 90 100 × 0.9
2 81 100 × 0.9 × 0.9

  

n 100 (0.9)n×

Looking at the formula, we see that 

delta= bounce100 (0.9)×(3 -7) 

where 100 and 0.9 are parameters. What do they mean? The number 100 is the duration of the 
first bounce—the initial delta. We just picked 100 ms for convenience. To make it a parameter 
instead of just a constant, we’ll give it a name, maybe deltaZero. The number 0.9 is the 
“efficiency” of each bounce, expressed as a decimal (i.e., 90%). Again, we’ll make it a parameter, 
maybe bouncePct. 
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We can use those in our equation to get 

delta= deltaZero (bouncePct)bounce×(3 -8) 

which is a full-fledged exponential with parameters and variables, the same form as y Ab x= .

In this case, delta and bounce are the y and x variables respectively, while deltaZero and 
bouncePct are the two parameters A and b. 

delta= deltaZero (bouncePct)bounce

y Ab x

In Fathom, you would make the two parameters into sliders. Enter Equation 3.8 into the 
formula editor after you choose Plot Function. 

Note: There are other ways to make exponential functions. One common form is y Ae kx= . To do 
that in Fathom, you can’t just use e. You have to use the built-in function exp( ), which means 
“e-to-the.” So you would write Ae kx  as A * exp(k*x) in Fathom’s formula editor. 
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Exponentials Again: Moore’s Law Problem Set 12: 
Gordon Moore was the chairman of the Intel corporation—the makers of the CPU chips in lots 
and lots of microcomputers—when he observed that the number of transistors that they could 
fit on a chip was increasing exponentially with time. This has held more or less true over the years 
since 1970. 

Explain what we mean by an exponential function. (Hortense says: 1 y x= 2  is an 
exponential function because it’s a function and it has an exponent. It should be clear from 
your explanation why Hortense is wrong.) 

The data appear in Moore.ftm and in Table 3-7. There you see information about the number of 
transistors on a chip (KTransistors) in various years. To make finding the function easier, we’ve 
also created a computed column, since1970, which is the number of years since 1970. It has the 
(pretty straightforward) formula 

since1970 = year − 1970(3 -9) 

Intel Chip Data Table 3-7 

CPU year KTransistors since1970
(thousands)

4004 1971.5 2.3 1.5
8008 1972.0 2.5 2.0
8080 1974.0 5.0 4.0
8086 1978.75 31.0 8.75

80286 1982.75 110.0 12.75
80386 1985.25 280.0 15.25
80486 1989.75 1200.0 19.75

Pentium (P5) 1993.25 3100.0 23.25
Pentium Pro (P6) 1995.25 5500.0 25.25
Pentium II MMX 1997.5 7500.0 27.50

Pentium III 1999 24000.0 29
Pentium 4 2000 42000.0 30

Find a function that fits the Moore’s Law data in the 2 
file Moore.ftm. Plot KTransistors as a function of 
since1970. Explain how you found your function. 

Explain what the parameters mean in your function. 3 
Be sure to explain how using since1970 instead of 
year affects your function. 

What is the “doubling time” for your function? 4 
Explain how you know from your function. 
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If Moore’s Law holds, when will we have a billion transistors on a chip? 5 

Look up Moore’s Law on the Internet and explain why the number of transistors on a 6 
chip might be important for overall computer power. Does it have to do with speed? 
Capability? To get more transistors on a chip, do they make the transistors smaller or the 
chips bigger—or both? 

Going Both Ways 

There are two main techniques for fitting exponentials: fitting the curved exponential 7 
function and linearizing the function first. Do it both ways and compare your results. 
Which technique do you like better, and why? 

If you don’t have a clue what we mean by linearizing, see Section XXX on page PPP. 

A Note About Exponentials 

Both this set and Problem Set 11 on page PPP deal with exponentials, but their graphs look very 
different: 
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One is increasing and the other decreasing, of course, but the shapes appear—at first glance—to 
be from different families. 

This is a great example of how different parameter values can make otherwise identical functions 
look very different. At first glance, the wrong function (a rational function on the left, say, with 
a vertical asymptote) can look like a better model. But if you are aware of the possible different 
shapes that you can see using very different parameter values (or different scales on your plots) 
you can use that knowledge to help you fit models to a broader range of data. 
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Sinusoids: A Whistle Problem Set 13: 
Once we use a microphone to record a sound, we can do more than just listen to the recording: 
we can look at it as well. The file Whistle.ftm has a brief snippet of sound from a whistle 
(actually, the author blowing across the top of a test tube). You can see the waves of sound that 
our ears and brain together perceive as a pitch.
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Physically, the microphone measures air pressure. We won’t worry about that here. 
Mathematically, though, we have a wave, and a wave should make you think of sines and cosines. 
Your goal here is to make a function that fits the actual wave as well as possible. 

The strategy is to take your basic sine or cosine curve and transform it by shifting and stretching 
until you get it where you want. The amounts you shift and stretch by will, of course, be 
parameters that you will create in Fathom as sliders. Because you may want to shift and stretch in 
x and y, you may need as many as 4 parameters—one for each combination. 

Review 

To review the math briefly and give you a hint, 

y(3 -10)  = sin x 

is the basic building block. First we stretch it vertically by a factor A: 

y(3 -11)  = A sin x

Similarly, we can change its frequency (i.e., compress it horizontally) by a factor k; shift it 
horizontally by an amount h; and shift it vertically by an amount c: 

y(3 -12)  = A[sin k(x − h)] + c

If this is mysterious to you at all, be sure to check out the upcoming chapter on transformations 
(Chapter 4 on page PPP). 
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Onward! 

Make a sine (or cosine) function to fit the data in the file as well as you can. 1 

Note: Trig functions need to have scalars—pure numbers, no units— to operate on. But because 
time is in milliseconds, which are an actual unit of time, some of your parameters may need 
units. Just put the right units on the sliders. If you don’t, you’ll get units incompatible errors 
(which you can live with, but it’s good to take care of them). 

Explain what each parameter does to the function, that is, what does changing each slider 2 
do to the graph? 

Describe how you went about fitting the function. That is, which sliders did you move, in 3 
what order, and why? Did any sliders not make much of a difference? 

What is the 4 period of the function? That is, how much time does it take to go through 
one cycle?

Hint: It has to do with the value of one of your parameters. But also, Fathom’s trig 
functions are all in radians, so there is a 2π in there somewhere as well. But where? 

What is the 5 frequency of your function? That is, how many cycles will there be in a second? 

Why do you need all four parameters? 6 

If you used a sine function, try it again with a cosine, and vice versa. What parameter(s) do 7 
you have to change to make the fit? By how much? Why does this make sense? 

Extension: Precision Periods Through Modulo 

Sines and cosines aren’t the only mathematical functions that help you with waves. One you may 
have forgotten (or never heard of )—modulo—is a powerful tool as well. 

The point here is that waves are periodic functions, and that means that the (more or less) 
same thing happens over and over. The new cycle starts over every τ milliseconds, where τ is 
the period. 

So in Fathom, create a slider for period and give it a reasonable value, for example, the value you 
found in task 4. Now we’re going to make a new column, called phase. Give it this formula: 

phase = modulo(time, period)(3 -13) . 

(In some countries, you must write modulo(time; period), that is, use a semicolon.)

That means, let phase be the remainder when you divide time by period. This has the effect of 
chopping the data up into slices that are period milliseconds long. 



58 Chapter 3:  Beyond Lines 

Now graph sound against phase (instead of sound against time). If period is correct, all 
the waves line up; if it is not correct, they don’t. Just adjust the period slider until they do. 
Figure 3.2 shows what this might look like. 

What do you get for 8 period? 

How far off do you think your value could be? That is, what is the range of reasonable 9 
slider values? 

Is the value you got using the sine wave in task 4 compatible with this range? Which 10 
method do you prefer for finding the period? Why? 

If 11 period is too small by a factor of 2, what happens to the graph? What if it’s too big 
by a factor of 2? If you saw one of these, how would you know you did not have the 
right period? 
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Data before (left) and after (right) we adjusted the Figure 3 -2: period slider. 

Invesigation 

If you change 12 period reasonably slowly, you will notice that the graph occasionally pops 
into some relatively simple pattern (like the one below). Record what the patterns look 
like, and what values of period make them. Explain this phenomenon. 
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Power Laws and Logs: Hexnut MassProblem Set 14: 

The file Hexnuts.ftm has data on (surprise!) hexnuts, steel ones, purchased by the author 
at a local hardware store. We have data on size and weight. To make matters simple, width 
is the distance across the nut from one flat face to the face opposite, as measured with a cool 
micrometer we got on eBay. The nut’s thickness, in inches, is thick, and mass is the mass, in 
grams. The variable size is the diameter of the bolt that fits it, in inches, and decSize is that 
number expressed as a decimal (Fathom can’t do fractions yet). The data appear in Table 3-8 and 
in Hexnuts.ftm.

As you might expect, the bigger the nut, the more it weighs. But how much more? This is a 
situation where you have to think geometrically. Let’s assume the nuts are all similar to one 
another. If that’s the case, if you double the (linear) size of the nut, the volume will go up by a 
factor of eight. The volume goes as the cube of the size. 

Since volume × density = mass, that means that the mass goes as the cube of the size too. That is, 

M Ks= 3(3 -14) ,

where K is a parameter that involves density and the particular shape of the nut. 

Explain why the volume will go as the cube of the size for hexnuts. Be sure to explain what 1 
you mean by size. 

Make a graph of 2 mass vs width and plot a cubic on it, using a parameter you make as a 
slider. Make it fit as well as you can. What is your “best” function? 

Suppose you had a hexnut two inches across. What would its mass be? 3 

About that 2-inch nut: what range of masses do you think is reasonable, given your model? 4 

Why don’t all of the points lie right on the curve? Is there something wrong with our 5 
reasoning? 
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Hexnut Data Table 3-8 

size decSize width thick mass
(in) (in) (in) (in) (g)

3/16 0.1875 0.3702 0.1229 1.39
1/4 0.2500 0.4298 0.2148 3.09

5/16 0.3125 0.4951 0.2651 4.72
3/8 0.3750 0.5555 0.3236 6.73

7/16 0.4375 0.6807 0.3802 12.77
1/2 0.5000 0.7407 0.4253 15.85
5/8 0.6250 0.9223 0.5450 31.06
3/4 0.7500 1.0920 0.6337 48.80

Do the same for 6 mass versus thick. Does the same function work? Does the same form of 
the function work? Explain why or why not. 

Log Connection 

Here is an actual use for logarithms, and a good example of how to straighten (linearize) data as 
described in Section XXX on page PPP. 

Suppose we take Equation 3.14 and take the log of both sides. It does not matter, by the way, 
whether we take log base 10 or natural log, as long as we use the same log on all quantities and 
remember what we did: 

log log( )

log log log
log log log

M Ks
M K s
M K s

=
= +
= +

3

3

3

This may not look any easier, but it is. Let’s look at each ingredient in this last formula and see 
what it is: 

log M is data, the log of the mass of each nut. It’s our response variable.

log s is actual data as well, the log of the size: our predictor. 

log K is a parameter, just as K was. So, for any given set of data that follows this cubed rule, it’s a 
constant. 

3 is a constant, of course…or is it? 

What this means, all put together, is that the formula log M = log K + 3 log s is really our 
old friend y mx b= +  in disguise. We plot log M on the vertical axis (like y) and log s on the 
horizontal (like x). Then we fit a line. The intercept will be log K, and the slope will be 3. 

That’s the theory, anyway. 
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 log M = log K + 3 log s

 y = mx + b
How the “logged” equation is really just a line in slope-intercept form. Figure 3 -3: 

Make new columns named 7 logMass and logWidth, and give them the right formulas. 
Plot them on a graph and find a line that fits the points as well as possible. What do you 
get for the slope and intercept? 

Compare the intercept to the value of 8 K from when you fitted the curve. How well do they 
correspond? Explain how you can compare them (e.g., using the formulas). 

The theory said that the slope should be 3.00. Is it? Well, not exactly. Is it close enough, do 9 
you think? Why would it not be exact? 

Small Stats Digression 

Often, people say you should use the least squares line to find a “best fit” model. Here’s one way 
that can go astray. 

Instead of a movable line on your 10 logMass-logWidth graph, use a least squares line. 
What do you get for the slope? Now select the lowest point (the 3/16 nut) and Cut it. Now 
what’s the slope? Paste the point back in to restore the data.

Comment on the discrepancy. What does the difference say about that 3/16 nut? 

Extensions 

We assumed that the nuts were similar to one another. We meant this in the geometric 11 
sense, that is, that all of their corresponding parts were proportional. That’s not exactly 
true. Study the data to see what you can say about the similarity of the nuts. 

Try to construct a better model for predicting 12 mass using thick and/or decSize, perhaps 
in combination with width. 

Remember

A power law relationship such as y =Axp is not the same as an exponential one like y = Apx. The 
formulas are similar, and the graphs resemble each other in some circumstances. But they are 
fundamentally different. For one thing, a power law is zero at x = 0, and an exponential is not.
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Transforming Functions Chapter 4: 

In a number of the examples from the previous section, we’ve had to do some gymnastics to get 
the curves to fit. With the Moore’s Law data (Set 12 on page PPP), for example, it helped to 
create a new “time” variable by subtracting 1970 from year. And when we looked at the hexnut 
data (Set 14 on page PPP), it helped to take the log of both sides because that way, a straight line 
fit the points. 

You may think that these were strange, pathological situations. Not so! People use techniques 
like those all the time; they are the pliers and screwdrivers in a data analyst’s toolbox. In fact, it is 
just as important—in real life, anyway—to know how to transform a function as it is to be able 
to work with the function itself. 

In the next chapter and in Chapter 7, we’ll talk about how to transform data in order to linearize 
relationships, and in Chapter 6, we’ll use what we learn here as we discuss residuals. 

You may know about transformations already, but they bear reviewing. In this chapter, we’re 
talking about shifting (translation) and stretching (dilation). We’ll get to log transformations later 
when we talk about linearizing data (Chapter 5 on page PPP). 

Throughout these next four chapters, we’ll sidestep our usual standards and use some fake data 
which we have concocted for these examples. We’ll begin with two famous variables, cause and 
effect. 

Translations: Left and Right, Up and Down 4.1 

The easiest transformation of all is a shift in the vertical direction. The file FakeShiftVertical.
ftm has data that follows y x= 2  except that it’s too high. The solution is to add some constant 
to the function, as in y x= +2 3 1. , so that the curve moves up. 
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Figure 4.1 shows what we mean. 

Shiftng horizontally is less intuitive at first. If you want to move the curve to the right by some 
amount, you subtract that amount from the x variable (in our case, cause). The key things are to 
remember to subtract

  

Fake data with the basic quadratic (left) and then with a constant added (right). The function has Figure 4 -1: 
shifted up by the amount we added, in this case, a slider, K, whose value is 3.1. 

  

Fake data with the basic quadratic (left) and then with a constant Figure 4 -2: subtracted from the x variable, cause 
(right). The function has shifted to the right by the slider H, whose value is 2.4.

and not to add, and to subtract the amount from every x in the formula. In our case, we only 
have one, so we transform y x= 2  into y x= −( . )2 4 2 . Notice how it’s on the inside of the 
parentheses: the subtraction happens right where the x is; if it were outside, we would have 
y x= −2 2 4. , which is a vertical shift downward.

Figure 4.2 shows this phenomenon, and you can try it yourself in FakeShiftHorizontal.ftm. 

The thoughtful student will wonder, why do you add to move in the positive y direction, but 
subtract to move in the positive x direction?

If you must, just remember that that is the way it works. But it would be far more helpful to 
understand that this situation is not just some weird exception. The two coordinates really work 
the same way: so why the difference? Here is one way to think of the horizontal shift:

When the points and the curve do not match, you always have two choices: you can move the 
curve, or you can move the points.
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To give our fake data a whiff of context, suppose effect is the number of inky-dinky1 spiders 
in a waterspout (in hundreds) and cause is the number of minutes since 12 noon. At 12, 
it’s raining, so the spiders are getting washed out. Later on—2.4 minutes later, in fact—out 
comes the sun, and the spiders gradually come back. The actual value of minutes is completely 
arbitrary, so we can create a new column, called good_minutes, that puts the time that the 
spider population is zero (the vertex of the parabola) conveniently at the origin of the graph. 

Since that minimum time is positive in the table, we have to subtract it from every data point’s 
minutes value to get good_minutes, that is, 

good_minutes(4 -1)  = minutes − 2.4

  

Fake data and a graph for Figure 4 -3: spiders and good_minutes, showing the y x= 2  parabola on the graph. 
(The spiders and minutes data are the same as the effect and cause in Figure 4.2 on the facing page(xxx).) 
Note how we calculate good_minutes. 

See Figure 4.3. Since the plain old y x= 2  curve fits the spiders-good_minutes graph, that 
means 

spiders good_minutes= 2
(4 -2) 

so if we substitute Equation 4.1, into Equation 4.2, we get 

spiders minutes= −( . )2 4 2
(4 -3) 

Which is what we got before, confirming the rule: subtract in x to shift right. But this time, we 
got it by thinking about it—realizing that moving the data left is subtracting. 

So why do we do it differently in y? We don’t. Suppose we played the same game with the data 
we looked at for the vertical shift. Look at Figure 4.4. Instead of moving the curve up, let’s think 
about moving the data down. We make a new variable (good_effect) and define it by 

good_effect(4 -4)  = effect − 3.1

1 Many children in the English-speaking world think that it’s “itsy-bitsy,” but inky-dinky carries more information 
(the spiders are small and black). 
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Now when we plot good_effect against cause, the plain y x= 2  formula fits the data perfectly, 
that is,

good_effect cause= 2(4 -5) 

Here’s what the table and graph look like:

  

Fake data and a graph showing both Figure 4 -4: effect (circles) and good_effect (squares) plotted against 
cause, with the y x= 2 parabola on the graph. Note how we calculate good_effect. 

Performing the same substitution—to get effect back in the equation— we get 

( . )effect cause− =3 1 2(4 -6) 

So we do subtract the shift amount 3.1, but it’s on the other side of the equals sign. So when we put 
it over on the right—because we have to solve for effect in order to plot it—it becomes positive. 

To summarize, if we take our basic quadratic ( y x= 2) and shift it up h units and right k units, 
we’ll get 

( ) ( )y h x k− = − 2(4 -7)  or y x k h= − +( )2

Which is the regular old vertex form for a parabola.

To recap, we did our transformation by substituting “chunks” like (y – h) for the original 
variable y, then used algebra to reexpress the result in terms of the original variable. 

We used this transformation somewhat differently in in the Moore’s Law activity; there, the 
equation made much more sense using since1970 than using year. Why? Look for the 
meaning: if we had used year, the amplitude parameter would have been the number of 
transistors on a chip in the year 0. If there had been transistors back then. And if progress had 
occurred in the same fashion over all the intervening years. Not likely. 

You’ll use chunks again when you linearize data (Section XXX on page PPP); some of the logic 
is the same. 
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Dilations: Stretching and Squishing 4.2 

You get a shift when you add a constant, but you get a stretch when you multiply. Again, the y 
direction is the most obvious; in fact, we already used it in most of the activities in the previous 
chapter: many of our sliders acted as stretch factors. Let’s use a sine function to illustrate. 

If you have y = sin x and you want to stretch it by a factor of 2, use the function y = 2(sin x). Just 
be sure to multiply the constant by the whole thing. If you don’t know what the stretch factor is, 
make it a parameter! Define a slider (let’s call it A for amplitude) and use y = A(sin x). 

  

Plots of Figure 4 -5: y = sin x (left) and y = 2 sin x (right). Note how every point on the curve gets stretched away 
from the x axis by the same factor. 

Horizontal stretches are tricky in the same way that horizontal shifts are. If you multiply every x 
in an equation by 6, say, the function gets squished by a factor of 6 in the x direction. So to 
stretch by some factor, you have to divide the x’s by that factor.2 

  

Plots of Figure 4 -6: y = sin x (left) and y = sin 6x (right). 

2 Note: We could make the same kind of argument as we did above, that stretching the curve is like squishing the 
data. That’s correct, but is somehow less compelling than it was with the shifts—so we will just show the curves 
here, and leave the data for later. 
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Again it may look as if we treat x and y differently: to stretch by a factor of 3 in y, multiply by 3; 
to stretch by a factor of 3 in x, divide by 3. But just as before, we can see that the stretches work 
the same way if you don’t solve for y. After all: 

y x= 3(sin )(4 -8)  means that y
x

3
= sin

A Flip is a Negative Stretch 

What about when these shift and stretch parameters are negative? Shifting a negative amount 
is easy: in the x direction, a negative shift is to the left (as in y x= +( )1 2 ); in y, it’s down (as in 
y x= −2 1 ). But a negative stretch appears qualitatively different because it also involves a flip. 

  

  

 Figure 4 -7: plots of (upper left), (uppery yx x= = −2 2 rright), (lower left), and (y yx x= − = − −2 2 llower right).

Figure 4-7 shows all four combinations of flips, using an exponential function as an example and 
( −1) as the factor. Notice how the flip in x (e.g., y x= −2 ) changes the function from increasing 
to decreasing but that the functions are both concave up. The flip in y (e.g., y x= −2 ) changes the 
sign of the slope as well, but also changes the “concavity,” from concave up to concave down. 

Parameter Proliferation and Occam’s Razor 4.3 

This is a good time to talk about a serious problem in modeling. Sometimes people just start 
going crazy making sliders and including more and more parameters in their functions. While 
some models really do need more parameters, this practice can get you into trouble if you’re not 
careful. 
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Let’s begin with the practical problem. When you were working exclusively with lines, you 
could drag the line to wherever you wanted it. While you could have made sliders for slope and 
intecept, and dragged them, it would have been a pain, at least compared to just dragging the 
line. And when you have three or more sliders, it can get pretty hard, sometimes, to tell how to 
move them to get the change you want in the curve.3 So every time you add a parameter, you 
make it harder to fit things. 

In addition, sometimes people add parameters because they think that all the model needs is 
a little stretch or a little slide, or a little . . . + A sin kx or something. This is dangerous because 
that little extra may have nothing to do with the situation you’re studying. You may start chasing 
poorly understood effects (or random error) with high-powered math. The math’s complexity 
will infect the rest of your function, obscuring what’s right about it with bogus terms and 
parameters. That said, sometimes you really do discover stuff this way. Just be warned. 

There’s a philosophical principle here: Make your models with as many parameters as you need—
but no more. This is called Occam’s Razor. 

Redundant Parameters 

One especially nasty way that you can get too many parameters is to introduce one that’s actually 
redundant. Some parameters—even ones you introduce in order to make a transformation—do 
not do anything the original parameters do not accomplish. 

For example, if you’re using a line y mx b= + , you might say, “I want to transform that line by 
shifting it to the right! I need y m x h b= − +( ) .” Now you have three parameters, m, b, and 
h. And you discover that m changes the slope, b changes the intercept. . . and (oops!) h also 
changes the intercept. 

This can get more subtle with nonlinear functions. Depending on the function, you may not 
be able to tell from the data whether (for example) to stretch or squish in x or y. And it may 
not matter. The file FakeStretch.ftm has fake data about spiders over time again, but this time 
there’s a dilation involved. The data look as if they follow y x= 2 , but are too steep. So what do 
we do? We’ll stretch the curve in the y direction, multiplying the whole function by a number 
greater than one. But we could also compress it in the x direction, multiplying each x by a 
number greater than one. 

It does not matter which one you do: the result will be the same. As you can see in Figure 4.8 on 
the following page <ppp>, we could compress the curve horizontally4 by a factor of 2 or stretch 
it vertically by a factor of 4.

3 There are exceptions where you can come up with a definite and reliable strategy, but we’ll cover them later.

4 Alternatively, think of y x= ( )2 2  as moving the data outward by a factor of 2. 
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These two are equivalent algebraically since 4 22 2x x= ( ) . In practical terms, this means that if 
you’re fitting a quadratic function to data, there is no point in having separate parameters for the 
horizontal and vertical stretch. Whatever you accomplish with one can be undone by the other; 
having the two sliders in your document will confuse matters. We know. We’ve done it. 

  

Fake Figure 4 -8: spiders vs minutes data, with y x= 2  plotted (left). To fit the data, stretch the curve vertically 
(to y x= 4 2 ) or compress it horizontally (to y x= ( )2 2 ). In the right-hand illustration, the two curves are 
right on top of one another. 

At any rate, that means that while there are four parameters in an arbitrary transformation (a 
shift and a stretch along each axis), you need only three parameters for a quadratic function: 

a vertical shift (often  ➲ k); 

a horizontal shift (often  ➲ h); and 

either a vertical stretch or a horizontal stretch  ➲ but not both.

Lines and power laws, including those y = k/x functions, are the same way: you don’t need both 
a horizontal and a vertical stretch. 

Exponentials have a different redundancy, however: a horizontal shift is the same as a vertical 
stretch. Consider the series {…1, 2, 4, 8, 16, 32, …}. If I change it to {…2, 4, 8, 16, 32, 64, …}, have 
I multiplied each value by 2 or moved the series over by one? It doesn’t matter. Put another way, 
suppose I take y x= 2  and shift it right h units. That gives me 

y x h= −2( )(4 -9) 

If we break down the exponent, that becomes 

y
y A
y A

x h

x h h

=
= ⋅ =
= ⋅

−

− −

2

2 2 2

( )

, and if we set

22x
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So a shift to the right of h units is the same as a vertical stretch factor of 2−h . You might think 
that you therefore need a maximum of three parameters for an exponential: 

a vertical shift (often  ➲ k); 

a horizontal stretch (which is a scale factor, by the way, and is often best in the exponent’s  ➲

denominator); and 

either a vertical stretch or a horizontal shift  ➲ but not both. 

So that the function looks like 

y Ae k y e kx s
x h

s= + = +
−

/ or(4 -10) 

With s as the scale factor for the horizontal stretch, and A the vertical. This is fine except, 
well, think about that Moore’s Law data again. We used a horizontal shift to get the y axis to a 
reasonable place so we didn’t have to think about transistors in Biblical times. Then we used a 
vertical stretch to scale the numbers correctly. And that made sense, using both the horizontal 
shift and the vertical stretch. 

Didn’t we just say that was redundant? What gives? In our case, the horizontal shift—with 
which we defined a new origin for time—was not a genuine parameter of the function. We 
didn’t put it on a slider. We didn’t need to vary it to make the fit; we just set it and used it to 
make a whole new variable, since1970. With that variable, the numbers made more sense, and 
we weren’t raising things to the 2000th power. You could call it a “parameter of convenience,” a 
number that you pick solely to make the numbers nicer. 

As a final wrinkle in our exponential digression here, the base of the exponent is another 
potential parameter. However, just as the horizontal shift acts like a vertical stretch, changing the 
base turns out to be just like a horizontal stretch. 

That is, y = Ab x is just as good as y = Ae x/s. You’re just trading one parameter (b) for another (s).

Therefore: If you need to change the base, don’t put in a horizontal scale factor (s in 
Equation 4 -10). And if you don’t need to change the base, choose any one that is convenient. 
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Parameter Proliferation Problems Problem Set 15: 
These problems aren’t really about data directly, but rather about the relationship between 
parameters and functions. 

Give a specific example of how including the intercept 1 b with y = mx to get y mx b= +  
makes it possible to express more functions than before. 

That is, find a specific function—one that uses x and y but no other letters—that you 
can express with the intercept and that you cannot express without it. (This is not a trick 
question; it’s just easy.) 

Show why adding the parameter 2 h to y mx b= +  to get y m x h b= − +( )  doesn’t actually 
change what’s possible. 

Explain, using algebra, why you don’t need a horizontal stretch in an exponential (the 3 s in 
y Ae x s= / ) if you let the base of the exponent be a parameter (as in y Ab x= ). 

Look up Occam’s Razor on the Internet to find out who he was, where and when he lived, 4 
what he actually said, and some alternate spellings for his name. 
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An Example: The Catenary Problem Set 16: 
Let’s do an example using shifting and stretching transformations to fit some data. We’ll look 
at a rope or chain hanging under its own weight. What shape does it make? The estimable Sara 
Lempert hung a piece of string from between two stands and carefully measured the height of 
the string at various positions. 

String Heights Table 4-1 

x height
(cm) (in)

1.0 10.50
2.0 9.00
3.0 7.88
5.0 6.19
7.0 5.06
9.0 4.44

10.0 4.19
12.0 3.94
13.0 3.88
14.0 3.85
16.0 4.13
18.0 4.72
20.0 5.50
22.0 6.88
24.0 8.94
26.0 11.88

Some data appear in Table 4-1; the rest are in StringHeight.
ftm. Your task is to find a function that fits the data as well as 
possible. We’ll do one version as an example, find out that we’re 
wrong, and then turn you loose with the right one. 

Suppose we think it’s a parabola. (No less a luminary than 
Galileo thought it was a parabola too. But he was wrong, 
as we’ll see.) 

So let’s believe, temporarily, that the curve has the shape of a 
parabola. We start with Your Basic Parabola, y x= 2. It doesn’t fit 
(its vertex is in the wrong place, and it’s way too steep) so we have to transform it with a series of 
shifts and stretches to get it to where the data are. But what do we do first? 

The right order conceptually is to make the curve the right shape first, then move it to the right 
place on the graph. That is, stretch first, then shift. Practically, though, you can’t tell if it’s the 
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right shape until it’s in the right place. Besides, you’ll really want to mess with the stretches and 
shifts alternately as you get closer, tweaking one then the other. 

So we’ll do the conceptual part in algebra. . . 

 Start with Your Basic Parabola  y x= 2

 Stretch it in y (no need for a stretch in x) y Ax= 2

        Shift it in x y A x h= −( )2

        Shift it in y y A x h k= − +( )2

. . . and do the practical part using sliders. We have introduced three parameters, A, h, and k, so 
we’ll make three sliders using the same names: A, h, and k. Figure 4.9 shows the data with the 
original y x= 2  parabola and with one we got by moving the sliders. 

  

String height data. On the left, Your Basic Parabola; on the right, we have used three parameters to Figure 4 -9: 
stretch and shift it to where it belongs. The fit looks OK at first, but breaks down at the edges. 

An Aside About Units 

In the left-hand figure, we have a units incompatible error. In this case, x is in centimeters, so 
x2  is in cm2, which is incompatible with height—which is in inches. It’s not the metric-English 
conversion (Fathom handles that), it’s that the squared part gives units of area, which you can’t 
convert directly to a length. Fathom plots the curve anyway, but in magenta to warn you that 
something’s wrong. 

In the right-hand figure, we avoided the error by putting units in our parameters. In particular, 
A = 0.105 cm ^-1, h = 13.14 cm, and k = 3.69 in. 

Onward! 

That parabola looks pretty good—until we look more closely. Near the ends, it misses rather 
badly, and if we tweak A to make the parabola steeper, it misses closer to the center. We admit 
that this is subtle. In the chapter on residual plots (Chapter 6), we’ll learn how to make the 
problem more obvious. But for now, take it for granted that we can do better. 
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How might we find the right function? We decided to look it up on the Internet. It helps to 
know that this curve is called a catenary, which is such a special-purpose word that it makes a 
terrific search term. Anyhow, you can solve the hanging-string problem with a catenary curve, 
also known as a hyperbolic cosine, or y = cosh x. 

The hyperbolic cosine is a useful function in situations like this. Never heard of it? That’s OK; 
you don’t have to understand it fully in order to use it. Fathom calculates it just fine, and you can 
use our stretching and shifting techniques on the cosh just as you do on any other function. 

Plot 1 height = cosh(x) on the graph to see more or less what it looks like. Describe how it 
is the same as, and different from, y x= 2 . 

Try to fit the data using a cosh function, using three transformations: shifts in 2 x and y and a 
stretch in y (just as we did with the parabola). It will not work; explain what you tried and 
how you became convinced that it would never be right. 

Note: cosh( ), like the trig functions, will give a units incompatible error unless the thing 
inside its parentheses is unitless. So if you have quantities with units, divide by the unit, as in 
(x/1 cm) if x is in cm. As usual, putting the units with the parameters works great. 

Add a fourth parameter to be a stretch factor in the 3 x direction. Now you can fit the data 
very well (though it may take a while to get good values for the two stretch factors)! 

Write down the function you use, identifying the four parameters and what each one does. 
Describe what you had to do to get the data to fit the curve. 

The hyperbolic cosine is defined as 4 

cosh x
e ex x

=
+ −

2(4 -11) 

See if you can make your fit using that definition. In Fathom, the “e-to-the” function is exp( ), 
that is, you write e x  as exp(x). 

Making that fit might have been a little hard. Moving one parameter makes the curve go this 
way, move another to move it back but with a slightly different shape. We might be able to 
choose parameters differently in order to make it more intuitive. But before we go there, you 
should learn about residual plots, which will help you improve the quality of your fits. You can 
read about using residuals in Chapter 5 on page PPP. 

After we learn about residuals, however, we will turn from transforming our models and see what 
we can do if we transform our data. The goal in Chapter 6 is to change the data so that the graph 
we get is linear. The trick is to learn what transformations to use, and how to connect those 
transformations back to the original function. 
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Residuals Chapter 5: 
and Residual Plots 

How close is close enough? 

A real function never goes through all the points. It only comes close. There is no firm rule, but 
we will learn about a tool here—the residual plot —that may be the most important piece of data 
analysis machinery since the slide rule. 

Residual plots can help you evaluate how well a model fits its data. They also help when you’re 
trying to find the best values for parameters. Let’s start out with the nearly-linear data in 
Radiosonde.ftm. 

It’s about a balloon ascent. At first, when we plot height against time, and plop a movable 
line onto the data, it looks boringly linear. But when we make a residual plot (choose Make 
Residual Plot from the context menu of the graph) we see all kinds of structure that was 
invisible at the original scale of the graph. Figure 6.1 shows how this looks.
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Radiosonde (weather ballooon) data. On the left, the data with a movable line; on the right, a plot Figure 5 -1: 
showing the residuals from the movable line. The residual plot occupies the bottom third of a regular 
scatter plot. 

Each residual in the plot is the vertical distance of its corresponding data point from the 
model—from the movable line. This distance is signed: if the point is above the line, the residual 
is positive; below the line, it’s negative. It’s just like taking the movable line in the left-hand plot 
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and making an axis out of it, then un-tilting the axis so it’s horizontal, and finally expanding the 
scale. Note: If you move the line, the residuals change. 

That scale is the key: notice how the main plot goes from 0 to 20,000 meters, while the residual 
plot on the right goes from −200 to +300 meters— infinitesimal on the scale of the main plot. 
No wonder the data look so straight! 

But they are not. The residual plot tells us that the balloon moves systematically above and below 
that model line. Is our model a good one? If we’re interested in an accuracy of ±300m, sure. But 
if we need more accuracy than that, we would need to model the curve we see in the residuals. 
Now, if the residuals were all above or below the line, we would know that we were systematically 
off—and we would adjust the intercept of our movable line. If the residuals had an overall drift 
up or down (ours do both, pretty much the same up as down), we would need to adjust the line’s 
slope. So as lines go, the one we have is pretty good. 

Back to the Catenary 5.1 

You can use residual plots on curves, too. If you look back at the quadratic fit to the hanging 
string data in Figure 4.9xxx on page PPP, it may not be obvious that there is any particular 
problem with the fit. The parabola, overall, does pretty well. 

Figure 6.2 shows the residual plots for our pretty-good parabola and our pretty-good hyperbolic 
cosine when we try to model the hanging string data. 

  

Hanging string data. On the left, residuals from a quadratic fit; on the right, residuals from a fit to a Figure 5 -2: 
hyperbolic cosine (catenary) curve. The two plots have the same scale. 

There are several points to be made with this figure. First, Fathom normally scales the residual 
plot to fill its space. That is, the right-hand residuals look a lot bigger when the scale is more 
zoomed-in. 

Second, with the residual plots at the same scale, you can easily see that the residuals are bigger 
(in absolute value) on the left. That is, the parabola misses the data points by a bigger distance—
plus or minus half an inch—than the catenary does (plus or minus about an eighth). 
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Third, there is a conspicuous pattern to the residuals on the left, which indicates that something 
is going on in the data besides the quadratic relationship. As with the radiosonde residuals, 
whether we care depends on the situation. But on the right, there is no obvious pattern, which 
often indicates that the model is a good one, and that the only remaining residuals are due to 
measurement error rather than having the wrong function or the wrong parameter values. 

This is a key point, and bears restating: 

If a model is good, the residuals will be randomly scattered about zero; you will see no patterns. 

A General Plan for Fitting Using Residuals 5.2 

Therefore, as you’re trying to fit your model, look at the residuals. There are two reasons why 
your residuals might not be ideal: 

You have the wrong function  ➲

You have the right function, but your parameter values are wrong.  ➲

Telling which can be an art, but here’s what you do in general: 

Do your best to choose the right function and an adequate but not excessive set of 1 
parameters. 

Make a slider for each parameter. 2 

Plot the function with the data. 3 

Make a residual plot. 4 

Change the function to approximate the data. 5 

Move the sliders; Fathom will update the graph and residual plot.  ➲

Pay attention to what happens to the residuals when you move each slider; each  ➲

slider will have a “signature” motion it creates. 

Rescale the slider axes (usually by zooming in) to get more control. (See p PPP) ➲

Rescale the residual plot’s vertical axis to better see what’s going on.  ➲

With quadratics (parabolas), for example, a good sequence is: make the residuals  ➲

straight, then make them flat, then make them zero. 

If you can’t fit the curve—there’s always something systematic going on, and the size of the 6 
residuals is more than you can stomach—you either have the wrong function or the wrong 
parameters. 
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With a little practice—which you can get in the next four problem sets!—this procedure gets 
much easier. Again, although your best practice will be with real data, these have fake data to 
make your life a little easier. 

Would You Like To Play a Game? 

Using any of the files in the next four problem sets, if you scroll to the right, you will find the 
actual values of the parameters. 

Change the values, scroll back to the left, and let your friend use curves and sliders to model the 
data. Then check to see how well he or she did. Now change roles—have your friend set values 
for you to find. 

Don’t forget that you can also change the error slider! A central question is, how does the 
amount of error affect the uncertainty in your determination of any parameter value? 
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Using Residuals to Fit Lines Problem Set 17: 
Open the file ResidualLine.ftm. It has fake data in it and a graph (effect vs cause) that looks 
(and is) linear. Instead of a movable line, it has a line implemented as a function: effect = m × 
cause + b. The parameters m and b are sliders. You will also see an error slider that controls 
how much slop there is in the data. 

Of course, the graph has a residual plot.

If you move the 1 m slider, what happens to the function? What happens to the residuals? 
Explain why. 

If you move the 2 b slider, what happens to the function? What happens to the residuals? 
Explain why. 

Fit the data as well as you can by changing m and b. As you get closer, you will need to re-scale 
the residual plot. Do so by choosing Scatter Plot again from the pop-up menu in the graph. 
You may also need to zoom into the slider axes in order to get fine enough control over the 
parameter values. 

Describe a procedure for fitting a line using these two sliders. What order do you use them 3 
in? How do you know how far to move them? 
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Using Residuals to Fit Quadratics Problem Set 18: 
Open the file ResidualParabola.ftm. It’s set up the same way as the line, with a function, a 
residual plot, and sliders. Its parameters are a, h, and k, implementing the vertex form of the 
parabola, y a x f k= − +( )2 . 

If you move the 1 h slider, what happens to the function? What happens to the residuals? 
Explain why. 

If you move the 2 a slider, what happens to the function? What happens to the residuals? 
Explain why. 

If you move the 3 k slider, what happens to the function? What happens to the residuals? 
Explain why. 

Describe a procedure for fitting a parabola using these three sliders. What order do you use 4 
them in? How do you know how much to change them? 

(You will once again have to rescale the plot and zoom into sliders, as you did for the lines, 
above.)

Plot a new function on the graph: effect a cause b cause c= × + × +2 . (We’re implementing 
the standard form of the parabola, y ax bx c= + +2 .) Click on the new function to show its 
residual plot. Play with the new sliders b and c (as well as the old one, a) to see how they affect 
the residuals. 

Compare and contrast what 5 a, b, and c do to the plot with the effects of a, h, and k. 
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Using Residuals to Fit Exponentials Problem Set 19: 
Open ResidualExponential.ftm. It’s set up the same way as the previous two files, but with 
two functions already: one is of the form y Ae x k= / , and the other is more like y Ab x= . So you 
have three parameters: A, b, and k, but only two control each curve (In Fathom, you write e x  as 
exp(x)).

As before, for each parameter, describe what happens to the function and to the residuals 1 
when you move it, and explain why. 

Fit the data as well as you can. Again, describe a procedure for fitting the data. What order 2 
do you move the sliders in? Are the procedures for each version of the function essentially 
the same? If not, what are the important differences? 

At what point do the two functions intersect? Be as general as possible, and explain why. 3 

It is easy to make the functions match each other by moving 4 b or k. How are b and k 
related when the functions match? 

Back on page PPP, we claimed that for exponentials, “a horizontal shift is the same as a vertical 
stretch.” We’ll demonstrate that. Create a new slider, h, and plot a new (third) function on the 
graph, effect = b ^ (cause − h). (We’re plotting the function y b x h= − .) 

Describe what happens when you move the 5 h slider. What happens to the function? To the 
residuals? Is a horizontal shift really the same as a vertical stretch? 

If you make the two functions with 6 b match, what is the relationship between A and h? 
Explain why that makes sense. 
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Using Residuals to Fit Sinusoids Problem Set 20: 
This has the same setup as the previous three problem sets. Open the file ResidualSine.ftm. 
This time we have three parameters for one function; we’re using 

y t A
t h
P

( ) sin
( )

=
−





2π

where A is the amplitude, h is a “phase”—a horizontal shift—and P is the period; in the Fathom 
file the parameters become the sliders A, P, and h. For now, ignore Start.

Look at the graph of 1 effect vs time. As before, for each parameter, describe what happens 
to the function and to the residuals when you move it. This may be harder than before! 

Fit the data as well as you can. Again, describe a procedure for fitting the data. What order 2 
do you move the sliders in? 

Notice that time has values roughly between 1000 and 2000. This wreaks havoc with trying to 
figure out the period. We’ll see why making a “parameter of convenience” is such a good idea. 

Select the graph and Duplicate it. (Use the context menu or the Edit menu.) In the new graph, 
replace time of the horizontal axis with the third variable, sinceStart. 

This new variable is the amount of time since the Start slider. Start is set at 1500. 

Now, move the 3 P slider to change the period of the model. Describe what happens in the 
two main graphs and in the two residual plots. Explain why the two plots are so different, 
and in doing so, explain why it might be easier to make a fit with sinceStart.
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Linearizing Data Chapter 6: 

In general, it’s easier to fit a line to linear data than it is to fit a curve to curvy data. Not only is 
it easier to judge straightness, there are some pretty straightforward automatic techniques for 
finding lines that don’t always generalize to finding curves. 

So when you’re trying to find a function to model data, it sometimes helps if you can transform 
the data so that the relationship is linear. For example, suppose you have data like those in 
Table 6-1. 

Example Cause and Effect Data Table 6-1 

C E
(cause) (effect)

0 0
1 2

2 8

3 18
5 50

10 200

You will eventually figure out—in this case, just by looking at the numbers—that the 
relationship is E C= 2 2.

But suppose, looking at a graph, you suspected that the relationship was quadratic but that you 
couldn’t figure out the coefficient. You could make a slider in Fathom and move the curve onto 
the points. That’s what we have done up to now, and it’s very effective. 

The “Chunking” Strategy6.1 

There’s another strategy, however. If we think the relationship is E KC= 2, but we just don’t 
know K, we can make a new variable x C= 2  as in Table 6-2. If we plot E against x, the graph will 
be linear, and its slope will be K.
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Transformed Cause and Effect Data Table 6-2 

C x E
(cause) ( )=C 2 (effect)

0 0 0
1 1 2
2 4 8
3 9 18
5 25 50

10 100 200  

There is nothing magical about this; think of it as algebraic “chunking.” If you look at the 
original relationship, E KC= 2 , and sort of squint, you can see the x C= 2  as a single chunk. 
When you do that, the former quadratic E KC= 2  becomes E = K(chunk), which is really the 
same as y = mx.

E = KC2
y = mx

Another Chunking Example: Wave Data 

Any time you can use chunking to change an equation to y mx b= +  or y = mx, you can plot the 
chunks to get a line. 

So if your model is 

y y A t= +0 sin(6 -1) 

you can make a new variable x with a formula x = sin t. If you then plot y against x, you’ll get a 
line of slope A and intercept y0 . 

  

Sample sine data, and then linearized sine data with Figure 6 -1: x = sin t. 
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Figure 5.1 shows sample (fake) sine data and the same data, linearized. Below the right-hand 
graph, you can see the formula for the line: y = 4.23x + 1.3, which means that the amplitude A 
of the original sine is 4.23, and the vertical offset y0  is 1.3. 

Yet Another: Inverse Proportion with an Offset 

Here’s another chunking example. Suppose you’re investigating paragraphs, and you think your 
model should be 

height
K

width d
=

−(6 -2) 

(Some people have used this model in order to take the “ragged right” of the paragraphs into 
account.) 

How do you turn this into chunks? The trick is to invert both sides: 

height
K

width d

height K
width d

height

=
−

= −

=

1 1

1 1

( )

KK
width

d
K

−

This means that we can make new variables y = 1/height and x = width. If we plot y against x, we 
should get a line with a slope of 1/K and an intercept of −d/K. 

  

1
height

1
K

(width)
d
K

y = mx + b
You could try this with the paragraphs data. 

The lesson here is that you don’t have to leave the dependent (y) variable untouched; you can 
transform it as well in order to get the equation into something that you can interpret as slope-
intercept form.
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Straightening Exponentials 6.2 

Let’s look at an important example, this time using the ping-pong ball bounce data. We made 
Equation 3-8xxx back on page PPP, which was 

delta= deltaZero (bouncePct)bounce×(6 -3) 

to model the time between bounces, called delta, as a function of the bounce number. Our 
declining exponential has two parameters: the initial bounce time deltaZero and the bounce 
percentage bouncePct. Besides making sliders, how can we find these parameter values? 

Finding the Chunks 

We’ll use that same chunking and linearizing strategy, though this time it will look quite 
different. We need something that looks linear; it turns out that in this situation, we can get it by 
taking the log of both sides: 

delta deltaZero bouncePct

delta

bounce= ×
=

( )

log loog( )

log

deltaZero bouncePct

deltaZero

bounce×
= ++
= + ×

log( )
log

bouncePct
deltaZero bounce

bounce

llog bouncePct

Does that look linear yet? Can you see the chunks? It may help to rewrite it with “math” 
variables like n instead of “computer” variables like bounce. Let’s substitute: 

Our dependent (effect) variable is  ➲ delta. Let’s call that ∆. 

Our independent (predictor) variable is the number of the  ➲ bounce. Call it n. 

Our initial ∆ is  ➲ deltaZero, so let’s just write ∆0 ; and 

the bounce percentage parameter,  ➲ bouncePct—call that p. 

Now we have 

log ∆ = log ∆(6 -4) 0 + n log p

Now for the chunks. Let’s let y = log ∆. Let 
b = log ∆0 and m = log p. And use x for n.

Rearrange, and we have 

y mx b= +(6 -5) 

That was a lot of complicated algebra that even required remembering rules for logarithms. 
What does it really mean? 

log ∆ = log ∆0 + n log p

y = mx + b
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Applying the Chunks, Finding the Line 

If we plot y, that is, log ∆, on the vertical axis, and x, that is, bounce, the bounce number, on the 
horizontal, we should get a line with a slope of log p and an intercept of log ∆0 . 

In Fathom, we have delta, but not its log. So we make a new variable, logDelta, and give 
it a formula, logDelta = log(delta). We put that on the vertical axis, and bounce on the 
horizontal. Figure 6-2 shows the before and after graphs. 

  

 On the left, the original data. On the right, linearized data; the log of Figure 6 -2: delta is on the vertical axis. 
They both look pretty linear until you look closely and see the curvature on the left. 

We put a least squares regression line1 onto the linearized graph; the equation of the line 
(Equation 6-6) appears below the plot. 

logDelta(6 -6)  = −0.0248 bounce + 2.454

Finding the Curve 

We can use the slope and intercept of that line to find the parameters for the original, pre-
linearized curve. 

Looking back at the algebra we did before, we see that the m in Equation 6-5 is (log p). In 
Fathom, the log( ) function is logarithm base 10. The slope from the line on the graph is 
m = −0.0248. So to get p—the bounce percentage, remember?—we have to raise 10 to 
that power: 

log .

.

log .

p

p

p

= −
=
=

−

0 0248

10 10
0 944

0 0248

We can use exactly the same procedure with the intercept. The regression intercept is 2.454, and 
that corresponds to (log ∆0 ). 

1 We could have used a movable line, but this is a perfect opportunity to use this particular tool.
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What is ∆0, the initial bounce time? 

log .
log .

∆

∆

∆
0

2 454

0

2 454

10 10
284

0

= +

=
=

+

(millisecoonds)

With these, we can write both models; they are completely equivalent to one another. In both 
cases, we use n for the bounce number:2

log . .∆ = − +0 0248 2 454n(6 -7) 

∆ = 284 0 944( . )n(6 -8) 

The first equation is a line, but has the disadvantage of being in terms of the log of the time 
interval delta; the second has no logs, but it’s a curve and it has that n in the exponent. 

How well does it work? The illustration below shows the curved fit using the untransformed 
data, using the parameters we got from our linear fit. Not bad!

Comments 

First, note that we didn’t use slider parameters to make this last graph; we just typed the 
parameter values into the formula. 

Second, you might wonder, what happens if we don’t get a line when we transform the data? All 
of that algebra depended on an assumption: that the actual dependence of delta on bounce 
was exponential. If it is exponential, the graph will come out linear. Therefore, if it does not 
come out linear, it must not have been exponential. What do you do? It’s just like using the 

2 To avoid confusion with b, the traditional letter for the intercept. 
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sliders and curves: if the form of the function is wrong, you have to try a new form—some other 
kind of function. 

Third, how did we know to do that log thing? We knew because we assumed the model should 
be exponential. There are some transformations it’s just good to remember—and this is one of 
them. But also, exponents and logs are inverses, so often, when exponents are involved, logs can 
help you out. We’ll see another example shortly. 

Straightening Power Laws 6.3 

The general form of the basic power law relationship is y Ax p= . We discussed linearizing a 
power law relationship when we did the hexnut investigation back in Problem Set 14 on page 
PPP. The strategy is to take the log of both sides to get 

log (6 -9) y = log A + p log x.

If you plot log y against log x, you get what’s called a log-log plot. 

See how p is the coefficient of the chunk (log x)? 
If the relationship is a power law, the slope of 
the line (p) will be the value of the exponent. 
(Interestingly, it doesn’t matter what kind of log 
you take for this to be true.) 

The intercept is the log of the coefficient A. (The 
base of the log matters here.) 

Notice that we take the log of both sides, just as we do for an exponential. The difference 
is in how we chunk, and what we plot. In an exponential, the x comes out of the exponent 
“un-logged,” so we plot plain old x. Here in the power law, x is the base, so it gets logged—so 
we plot log x. 

Two Ways to Chunk

Other common relationships—notably the simple parabola, 
the square root, and inverse variation—are all special cases of 
the power law: the parabola is a power law with an exponent 
of 2; the square root has an exponent of 1/2; and the inverse has 
an exponent of −1.

This means that there are two different ways of linearizing each 
of these things. Let’s see how that works in an example. 

log y = log A + p log x

y = mx + b
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We will look again at the very first nonlinear problem we did—the one where we found the 
heights of paragraphs given their widths. That was back in Problem Set 8 on page PPP. At that 
time, we just made a slider for k in the function height = k/width. We got 59.4 as a good value 
for k.

One way to chunk that inverse function is to make a new column with the inverse of width. 
That is, suppose we define 

invWidth
width

=
1

and then plot height against invWidth. Because height = k × invWidth, we should get a 
straight line through the origin of slope k. That works well. 

But instead, we could take the log of both sides. We’ll create two new variables, logHeight and 
logWidth (with the obvious formulas) and plot them against each other. We get a different 
straight line—this one with a slope close to −1. You can see the results of both linearization 
strategies in Figure 6 -3. 
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At left, we linearize the paragraphs data by plotting Figure 6 -3: height against 1/width. At right, we make a log-
log plot. In both graphs, the tallest, skinniest paragraph is selected. 

Note how the slope in the left-hand graph is 59.6, near 59.4, that value we got for k when we 
did the problem before. In the right-hand graph, the slope is near −1 as we expected, and the 
intercept is 1.77. What does that mean? It’s the log of the original k: 10 57 51 77. .≈ .

Just to go over the “why” one more time: if the relationship between height and width really is 
an inverse function, then the following is all true: 

height
k

width
height k width

height k

=

= ×
=

-

log log

1

++ −( )(log )1 width
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If we “chunk” , , any x= ( ) = ( )log logheight k dd , we getb = ( )log width

y x b= − +(6 -10) 

Which is just what we saw: a slope of −1. 

Another Reason Logs Are Useful 

Besides making a lot of curved things linear, taking a logarithm has another benefit: it helps you 
look at data where the biggest number is many times the smallest. 

For example, we will be looking (in Problem Set 32 on page PPP) at data about the planets. The 
outer planets are a lot farther out than we are here in the inner Solar system. Table 6-3 shows the 
distances in millions of kilometers. Then Figure 6-4 shows these sets of distances using both a 
linear and a logarithmic scale. 

Planet Distances from the Sun  Table 6-3 
(Mkm = millions of kilometers) 

planet distance log distance
(Mkm)

Mercury 57.9 1.76
Venus 108.2 2.03
Earth 149.6 2.17
Mars 227.9 2.36

Jupiter 778.3 2.89
Saturn 1429 3.16
Uranus 2875 3.46

Neptune 4504 3.65
Pluto 5900 3.77

  

At left, the distances of the planets from the Sun in millions of kilometers. At right, the same distances, Figure 6 -4: 
except we’re using log10

 of the distance to plot the points. The Earth is selected in both plots. Data are in 
Kepler.ftm. 

Notice how, in the figure, the planets are spread out more evenly in the “logged” plot. In fact, the 
right-hand plot’s distances may be more the way we think about the Solar system; the truth of 
it—the left-hand plot is to scale, after all—looks too imbalanced. 

There are many phenomena that actually occur over similarly wide ranges. Human perception 
is one; we can see in a huge range of light levels, and can hear from very soft sounds to others 
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whose amplitude is many powers of ten greater. The decibel scale is logarithmic for just that 
reason. 

Thus taking the log not only often helps you straighten your data, some phenomena are more 
easily grasped in that domain. 

Linearization: A Summary 6.4 

Table 5-4 summarizes the various strategies we have discussed. 

Linearization Strategies (xxx formula quality of result column)Table 6-4 

name formula main idea chunks result 

inverse y
k
x

= substitute u
x

=
1

u
x

=
1 y ku=

parabola y ax= 2
substitute u x= 2 u x= 2 y au=

square root y a x= substitute u x= u x= y au=

exponential y y e kx= 0 ln of both sides v y b y= =ln ; ln 0 v kx b= +

exponential y y B x= 0 log of both sides v y m B b y= = =log ; log ; log 0 v mx b= +

power law y Ax p= log of both sides v y u x b A= = =log ; log ; log v pu b= +

offset inverse y
x h

=
−
1

invert, set v
y

=
1 v y=1/ v x h= −
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Linearization Practice Problem Set 21: 
Although the best practice for linearizing is analyzing real data sets (as you can do in many of 
the rest of the problem sets in this book), here is a set of problems that address some important 
issues without your having to face a real context. 

For each task, you get a data set and a formula that will model the data. You should: 

Plot the curved, original data to match the illustration.  ➲

Linearize the data, that is, create new variables that, when plotted, come out in a  ➲

straight line. 

Plot them; find the best line and its parameters.  ➲

Transform the parameters back in order to find the parameters of the original, curved  ➲

function. 

Plot the curve on the data using those parameters.  ➲

  

Graphs for the first three tasks. Figure 6 -5: 

A quadratic relationship, with the formula 1 y Ax= 2  is in LinParabola1.ftm. 

An inverse relationship, with formula 2 h
k
w

D= +  is in LinInverse.ftm. Plot h as a 
function of w. 

An exponential relationship is in 3 LinExponential1.ftm. Use pop A btime= ×  on a graph of 
pop as a function of time. 

1 2

3
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Graphs for the next three tasks. Figure 6 -6: 

An exponential relationship is in 4 LinExponential2.ftm. Plot M as a function of year and 
use M A e year scale= × / . Note: you may find it useful to do a “transformation of convenience” 
to start a new time variable at a reasonable year such as 1950. 

A square-root relationship appears in 5 LinRoot.ftm. Use E m x x= −( )0  on a graph of E 
as a function of x. 

Here is a power-law relationship from 6 LinPower.ftm. Use Weight A height K= ×  on a 
graph of Weight as a function of height.

4
5

6
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Putting Formulas to Use Chapter 7: 

Now you know how to use Fathom to make graphs, you’re familiar with elementary functions, 
and you’ve seen ways we can use math to move the functions around and calculate new data in 
order to make the best models possible. 

Seeing it is not the same as doing it, however. It’s time to get some practice, and turn a passing 
familiarity with elementary functions into a deeper and more lasting friendship—or at least 
acquaintance. 

The rest of the book contains problem sets in which you get a data set and have to make 
mathematical models—that is, find functions—that do a good job of following the data. We 
won’t leave you all alone with this, however. Here, as in real life, you get help. At first, for 
example, we’ll look at situations where you get data from well-understood phenomena; these are 
so well-understood that you get the formula right up front, and just have to see if it works. Then 
(in later chapters) we’ll gradually turn you loose with harder and harder functions and data. 

In addition, while we told you which form of a function to use in the last section, here we 
will not. You can pick that up from the formula when we give it to you, or figure it out using 
common sense, or just look at the data and use the techniques we talked about above (such as 
looking at a residual plot) to accept or reject candidates. 

In this chapter, you will get to model data when you start out by getting the “official” formula 
for the data. This is a common situation in real life: high-falutin’ experts have come up with a 
formula for how two or more quantities are related, and then people take data, and you use the 
formula to figure out about the data. Sometimes we may not give you the whole formula, but 
instead something almost equally helpful, such as, “use an exponential function here.” 

That sounds fine until you look more carefully at the task. Just what are you supposed to figure 
out? The answer is, you’re usually supposed to figure out the values of one or more parameters 
in the formula. Let’s look at a simple example. A cart is rolling down a track. You get data about 
time and distance. You also get a formula—a theoretical formula from physics: 

d at=
1
2

2
(7 -1) 
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where d is the distance the cart has rolled, t is how much time it has been rolling, and a is the 
cart’s acceleration. Now, this is formula is not about the data, it’s a theory. We can still use it, 
though, to see how well it fits the data from this situation (in this case, pretty well). 

But how? We have data for time and distance, so we have actual values for d and t; we can 
make a graph, and we’ll see the data as points. What curve can you put on the graph with the 
points? If we put d (distance) on the vertical axis, we can use Equation 9.1 almost directly, 
using t as the “x” variable. All we need is a—so we make that a parameter. In Fathom, we make a 
slider for it and enter the formula using Plot Function. 

When we move the slider (probably named a or accel), the curve changes to reflect the new 
value. When it fits the points as well as possible, we’re done. Well, almost. It’s even better if 
you find a range of slider values that make a reasonable fit to the data. That gives you a range of 
plausible parameters—reasonable values for a. 

Sometimes, you have to do a little algebra. Suppose you had to use your formula to predict time. 
Then time would belong on the vertical axis, and Equation 9.1 would not quite work. You 
would need to solve for t: 

t
d
a

=
2

(7 -2) 

and plot the appropriate function on your graph. 

If you’re comfortable with what has come so far, the next problem sets may seem easy. That’s OK; 
the point is to use the formula we give you to develop a good model, instead of being told the 
model directly. 
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Ohm’s Law Problem Set 22: 
One famous formula when you study electrical circuits is Ohm’s Law. It looks like this: 

E(7 -3)  = I R 

where I is the current in Amperes, (current is always I 
in circuits, perhaps because C is capacitance) R is the 
resistance in Ohms (Ω), and E is the electrical potential 
or voltage, in Volts. Sometimes they write it V = I R so 
that you can remember which one is in Volts.

We took a variable voltage source and hooked it up 
across a resistor, and measured the current that it 
produced. Some data appear in Table 7-1, and in 
OhmsLaw.ftm. 

Current and Voltage Data for “Table 7-1 R5” 

Current Voltage
(mA) (V)

1.86 1.87
3.14 3.16
5.40 5.42
6.89 6.92
9.83 9.89

11.58 11.63
 

Test Ohm’s Law using data from the table or from the first table in the file (R5). That is, make 
a graph, and put a function on the graph that comes from Equation 7-3. You will need at least 
one parameter. 

Note: the current here is in mA, which stands for milliAmperes. 

What is your function? How does it correspond with the Ohm’s Law formula? What 1 
do the parameters mean in this situation? (They come—or it comes—right from 
the formula.) 

Should your function go through the origin? Why or why not? If it should, ensure that it 2 
does and comment on the results. 

What is the resistance of 3 R5 in Ohms? (Note: be careful with units. It’s easy to be off by a 
factor of 1000.) How well can you determine this value? That is, plus or minus how much? 

If you used a resistor with twice as much resistance, what would happen to your graph? 4 
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Extension 

The file has data for several resistors; each data table is labeled with a resistor number. 

Make a graph for each resistor, and determine the resistance of each. 5 

You could determine a resistance from each observation in any one of the data sets. That is, for 
R5, you could determine six different resistances, one for each measurement. Do so: make a new 
column, and compute the resistances. 

How much variation is there? How does that correspond to your answer to task 3? 6 

A Reminder about Implied Multiplication 

Sometimes, you change a formula, or drag a slider, and nothing happens. There are many possible 
reasons. One is that Fathom does not always understand implied multiplication. For example, 
suppose you were doing this problem set, with its formula, 

V = I R. 

You decide to plot Voltage against Current, and need a model. So you do a Plot Function, 
and in the box where is says Voltage = , you enter IR. You get a line as you expect. You make a 
slider for R. But when you slide it, the line does not move. 

Why not? Because Fathom thought you wanted to use a variable named IR. It doesn’t know you 
mean I times R unless you tell it. So you just plotted y = x, not y = kx. 

Therefore, when you multiply two variables in the formula editor, use an asterisk (shift-8) or use 
parentheses, that is, V = I*R or V = (I)R. If the multiplication is between an actual constant and a 
variable, as in 2pi, you don’t need to be explicit about multiplication, although it never hurts. 

This problem is the same in more complicated formulas. Suppose you’re doing a model with a 
formula like 

d at=
1
2

2(7 -4) 

If you just enter (1/2)at ^2 in the formula editor, you’ll get a parabola, but your a slider won’t 
change it. Why not? Because your variable is at and you have no parameter. As far as Fathom can 
tell, you simply want it to plot 

y x=
1
2

2(7 -5) 

You need to enter (1/2)a * t ^2 instead. 

The root of this problem is that Fathom—like most computer languages— lets you make 
variables that are more than one letter long, while traditional math syntax does not. 
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Ohm’s Law Redux Problem Set 23: 
We just looked at Ohm’s Law, and its formula in Equation 7-3. Now we’re going to change 
things. 

This time, we’re using a constant voltage source (a battery) and we put different resistors 
in the circuit. We measure the current; you can see some data in Table 7-2 and in the file 
OhmConstantVoltage.ftm. 

Current Through Various Resistances, Constant Voltage Table 7-2 

resistance current resistance current
(Ohms) (mA) (Ohms) (mA)

267 22.80 5220 1.180
9530 0.65 56000 0.114
5210 1.19 7370 0.836
7380 0.83 517000 0.012
9440 0.65 7410 0.828
5260 1.17 241000 0.026

10140 0.60 7370 0.831
7350 0.84 9520 0.648
7500 0.82 9880 0.625
7560 0.81 90900 0.068

154000 0.04 110000 0.056

Create a graph of current as a function of resistance. 

Using Ohm’s Law (Equation 7-3), make a function 1 
that works well as a model for your data. What 
function did you use? 

What was your parameter, and what was its value? 2 

What does the parameter mean in this situation? 3 

If you used a 30kΩ resistor (i.e., 30,000 Ohms) in 4 
this setup, how much current would you expect 
to get? 

If you found that a resistor in this setup allowed a current of 10 mA, what would its 5 
resistance be? What range of resistances would be reasonable, given your data? 

Looking at a residual plot as you move your parameter, comment on what influence that 6 
first point has—the one at 267 Ω—on where you put your parameter value.

For example, would you choose a different value if the point were not there? Try it and see. (Cut 
the point, then Paste it back into the graph later.) 
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Be sure to expand the scale of your slider so that you have fine control over its value; also, be sure 
to re-scale your residual plots frequently. You can do that by re-choosing Scatter Plot from the 
pop-up menu in the graph. 

Given your model, what could you plot against 7 current to get a straight line—without 
taking any logarithms? 

In that “linearized” graph, what is the slope and what does it mean? What is the intercept, 8 
and what does it mean? 

Each variable has a wide range of values, extending over several orders of magnitude. Often, data 
like that is easier to figure out if you take its logarithm. 

Make new variables containing the log of each variable (perhaps named 9 LogResistance 
and LogCurrent) and plot them against each other. Explain what you see as completely as 
possible, based on your knowledge of logs, functions, and Ohm’s Law. 
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Teeter Totters Problem Set 24: 
When kids are on a teeter totter, and they’re balanced, their weights W and distances D follow a 
mathematical rule: 

D W D W1 1 2 2=(7 -6) 

We didn’t get kids, but we set up a ruler and hung 
it from its center hole—so it was balanced at the 
beginning. Then we took a weight—call it the 
counterweight —and hung it on the left-hand side, 
and taped it down so it wouldn’t move. Then we took 
another weight, and recorded its mass. We slid this 
new weight along the right-hand side of the ruler until it balanced the weight on the left-hand 
side; then we recorded the position. We did this last step several times, with different weights. 

Notice that we have not told you the mass of that counterweight? Good. 

One more wrinkle: the ruler is a standard US school ruler, so it is one foot long. One foot is 
almost exactly 30 cm, so the hole we’re hanging it from is at the 15 cm mark. Therefore the 
position number is not the distance from the fulcrum. You will need to take care of that. We 
recommend a new column with calculated values. 

Anyhow, the data are in Table 7-3 and in the file Teeter.ftm. 

 

Teeter-totter Data Table 7-3 

mass position
(grams) (cm)

100 20.1
200 17.5
120 19.2
130 18.9
150 18.3
60 24.0

17

18

19

20

21

22

23

24

25

mass  (grams)
0 40 80 120 160 200

Teeter Scatter Plot

Make a new column, 1 distance, that is the distance of our mass from the fulcrum. 

Plot 2 distance as a function of mass, and put a function on the graph based on 
Equation 7-6 that models the data as well as possible. What is your function? 

How do you get your function from Equation 7-6? In particular, how did you cope with 3 
not knowing the mass of the counterweight? 

What does the parameter (or parameters) mean in your function? 4 
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What 5 units do your parameters have?1

In this situation, 6 mass belongs on the horizontal axis because of the way we did the 
experiment. How would you do it differently in order to put mass on the vertical axis? 
Would that make any difference in the analysis? 

The counterweight was hanging at about a position of 5 cm. What is its mass?7 

1 You may be able to do this task without ever getting the units right, but you’ll have that pesky units 
incompatible error. The main thing is to put the units on the slider whenever possible rather than in a formula. 
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Test-Tube Flute: Pitch and Length Problem Set 25: 
Note: This is especially challenging!

If you blow across the top of a test tube, it makes a kind of hooting sound like the one you get 
when you blow across the mouth of a bottle. If you put some water in the test tube, it changes 
pitch. As you might expect, the more water you put in, the higher the pitch. It’s the air vibrating, 
after all. With more water, there’s less air, and less space, so the sound waves must get all 
scrunched up and besides, we have this feeling that little teeny weeny things make high-pitched 
little peeps and great big ponderous things make loooow sounds. 

That’s even kind of correct. But let’s get quantitative. We perceive pitch, which is related to the 
sound’s frequency —the number of cycles per second of the sound. The higher the frequency, the 
higher the pitch. But we can actually measure the period of the wave—the time it takes for a wave 
to go through one cycle. 

The relationship between frequency and period is simple in its formula but profound in its 
meaning. Be sure you understand this: 

f
p

=
1

(7 -7) 

Where f is the frequency and p is the period. The units make sense right off: frequency is in 
cycles per second; period is in seconds per cycle. 

But what does this have to do with the amount of air? The bottle resonates because blowing sets 
up what’s called a “standing wave” in the tube. It’s a mutually reinforcing wave such that the tube 
makes a quarter of a wavelength. That is, 

h =
1
4

λ(7 -8) 

Where h is the height of the vibrating column and λ  is the wavelength of the wave.2 What does 
wavelength have to do with frequency? For that, we need another important relationship: 

c f= λ(7 -9) 

where c is the speed of sound. The units work out. The frequency f is in cycles per second. 
Wavelength is in centimeters or meters or inches. So the product is centimeters per second, 
a speed. 

When we put water in the tube, the length of air goes down. That makes a shorter wavelength, 
and with a shorter wavelength, the frequency goes up: higher pitch. 

That’s the theory, anyway. We put water in a test tube, measured the height of the air, and 
recorded the hooting sound when we blew over the top of the tube. Then we found the period 

2 The symbol λ is the Greek letter lambda—the traditional symbol for wavelength. 
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(the number of seconds in a cycle) using the technique we introduced in Problem Set 13 xxx on 
page PPP. From the period, you should be able to figure out the frequency, then the wavelength, 
then compare that to the amount of air in the tube (height). 

In this set, we’ll make the speed of sound speed a parameter. (So you will need a slider for it.) 
It’s about 330 m/sec, but it varies depending on temperature and other factors. Do not worry 
about converting units, by the way; Fathom knows how to do that.3

The data appear in Table 7-4 and in Flute.ftm. 

Test-tube Flute Data Table 7-4 

height period
(cm) (ms)

15.0 1.834
12.5 1.603
10.5 1.363
8.1 1.079
6.3 0.884

Use 1 period to calculate frequency and wavelength, then plot wavelength (vertical) 
against height. 

Note: Don’t just calculate wavelength from height (e.g., wavelength = height × 4). That 
defeats the whole purpose of the graph! Use period.

What slope does the theory predict for the 2 wavelength-height graph? Explain, based on 
the formulas we gave you. 

Adjust the speed of sound 3 speed so that the slope is close to what you expect. What do 
you get for the speed of sound? 

Notice that, for a good fit, there’s an intercept. But the theory suggests that it should be a direct 
proportion, that is, no intercept. We’ll check it out. 

Set the graph to 4 Lock Intercept at Zero. (It’s in the context menu for the graph.) Now 
try to make the line fit. Explain how you can tell that no line going through the origin fits 
the data. Unlock the intercept. 

So we have a data analysis problem: the theory predicts we should have a direct proportion, but 
there is an intercept in the data. To deal with this, we’re going to look at the data a different way. 

Change the way your table works so that you 5 calculate the speed of sound (call it 
sos) for every data point. To do that, you have to calculate a wavelength (perhaps 

3 For extra help, check out the movies in Fathom Help. 
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lambdaCalc) from height instead of from period. Use a formula for wavelength such as 
lambdaCalc = 4 × height). What formula did you use for sos? 

Plot 6 sos against height. Be sure there’s a least squares line on your graph. What should 
you see? (If everything were perfect, how should the speed of sound change as you change 
the amount of air in the tube?) What do you actually see? 

You should see a non-zero slope. And you should expect the graph to be flat. What could explain 
the lack of flatness? Perhaps the relationship h = λ/4 is not quite right. Maybe the standing 
wave doesn’t fit an exact quarter wave in the test tube; maybe it’s a little longer or shorter 
than the tube. 

Alter your formulas so that you incorporate a new parameter—a new slider—called fudge. This 
parameter fudge will be a correction to height, that is, we expect a quarter wavelength to fit in 
height + fudge. 

Explain how you calculate wavelength now. 7 

Now adjust 8 fudge so that the slope on your sos-height graph is correct. What is the 
correct value for the slope? What value do you get for fudge? What does that mean in the 
context of the problem? 

In this scheme, what do you get for the speed of sound (and where do you find it)? 9 

Note this curious thing: in your data set, you should have two calculated columns for 
wavelength. The wavelength column calculates wavelength from the period, assuming we 
know the speed of sound. The lambdaCalc column calculates it from height and fudge, 
assuming we understand the physics of resonance. If all is well, these two should be equal. 

Plot 10 wavelength against lambdaCalc. Put a least squares line on your graph. What 
function do you expect for this line? Adjust speed and fudge to make the function 
correct. What effect does each parameter have on the graph? What are the best values (and 
their ranges) for each parameter? 

The first data point in the table—at 15 cm height—is suspect, because that’s where the test tube 
is empty, and the bottom of the test tube is rounded. 

What is your best value for the speed of sound if you remove that first (15 cm) point? Be 11 
sure to give a value and a range. Comment on the overlap (or lack of overlap) of that range 
with the one you got with the point included. 
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A Tossed Ball Problem Set 26: 
In the introduction to this chapter, we discussed pro jectiles, and gave an Official Physics 
Formula (Equation 7-1 on page 97PPP) for the distance something travels in time t when it is 
undergoing constant acceleration. That was a for the special case when the ob ject starts from 
rest. Here is the Even More Official Physics Formula: 

x t x v t at( )= + +0 1
21

2
(7 -10)  

This gives x(t), the position of an ob ject at time t, where x0 is the initial position (i.e., x(t = 0)), 
v1  is its initial velocity, and a is its (uniform) acceleration. 

Show that Equation 7-10 turns into Equation 7-1 if you want the distance something has 1 
traveled (as opposed to its position) and it starts from rest. 

Let’s look at some data for a thing that’s accelerating uniformly. We made a video of Bryan 
Cooley (a physics teacher) tossing a tennis ball in front of a brick wall. For selected frames, 
we estimated the x and y positions of the ball, measured in bricks, since the wall created a 
convenient coordinate system. Data appear in Table 7-5 and in the file BallToss.ftm. 

Ball Toss Data Table 7-5 

frame xBrick yBrick

9 0.8 8.8
11 1.2 11.4
12 1.4 12.5
13 1.6 13.5
14 1.8 14.2
15 2.0 14.8
16 2.2 15.2
17 2.45 15.5
18 2.65 15.6
19 2.9 15.5
20 3.05 15.3
23 3.7 13.6
28 4.7 7.3

The frame column gives the frame number, which is proportional to time (a video frame is 
about 1/30 of a second). The xBrick and yBrick columns contain the apparent coordinates 
of the ball. 

We’re interested in uniform acceleration, and that’s happening—due to gravity—in the y 
direction. So for now, ignore xBrick and concentrate on the relationship between frame and 
yBrick. We should be able to make Equation 7-10 correspond to this situation; frame is like t 
and yBrick is like x(t); the rest are parameters. The units will seem weird (speed will be in bricks 
per frame, for example) but the functional form should be correct. 
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Make a graph of 2 yBrick as a function of frame, and make a model (a function) that fits it 
as well as possible. Use Equation 7-10 as the basis for your model. 

This will be pretty hard to do well, so here are some notes: 

Remember that the acceleration will be negative.  ➲

Remember that  ➲ x0  is the position at time = 0; to estimate a good value, visually 
project the curve back to the vertical axis. (So it will be negative too.) 

In your model, what does the 3 v1  parameter actually represent? It is not, for example, the 
speed of the ball where the data begin at frame 9. 

That fit was probably pretty agonizing. Now we’ll try it an easier way. 

Equation 7-10 is an example of the “standard form” for a parabola. It’s just like y ax bx c= + +2  
but with different letters. Let’s use a different form, the “vertex form” of the parabola: 

y p t h k= − +( )2(7 -11) 

Make an additional function on your graph using the vertex form and three new 4 
parameters, p, h, and k. Make it fit your data. Describe what was easy (or hard) about 
making this one fit compared with the first one. 

Multiply out Equation 7-11 and compare it to Equation 7-10. By setting the coefficients of 5 
like terms equal to one another, figure out the acceleration you get from the “vertex” fit. 

The bricks on the wall (with their grout) are about 22 cm long and about 7.3 cm high. 6 
Given those measurements, what is the horizontal speed of the ball using metric units? 
What is its vertical acceleration? 

Extension 

The official value for the acceleration of gravity is about 981 cm/sec2 . That is probably not 
within the range of reasonable values for the vertical acceleration given your data. The problem is 
that we measured the ball, not its shadow. 

Explain why that makes a difference, and why it makes the apparent acceleration too high. 7 

Take new measurements of the shadow using the movie, and get a new value for the 8 
acceleration of gravity. (You can download the moview from xxx.)
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Conserving Energy on a Ramp Problem Set 27: 

This diagram shows a cart on a tilted ramp. The pole sticking up passes through a “photogate,” which Figure 7 -1: 
measures how long it takes the pole to go through it. 

We let a cart roll down a ramp and measured the amount 
of time it took for the cart to pass through a photogate at 
the bottom. The higher up the ramp we released the cart, 
the faster it was going at the bottom, and the less time it 
spent going through the photogate.

That’s the relationship you see in the graph of the raw data: 
the bigger the start value, the smaller the gateTime. Some 
data appear in Table 7-6; all appear in RampEnergy.ftm. 
We want to model how the cart’s speed depends on the place where it was released. For that we 
need some measurements from the setup (these appear in Table 7-7 on the next page) and some 
relationships from physics.

Data from the Ramp Table 7-6 

gateTime start
(s) (cm)

0.01708 100
0.02610 70
0.03570 60
0.01210 150
0.02180 80

 

0.00980 200
0.00930 220
0.01619 104
0.01640 102
0.01667 102
0.01860 90
0.01789 95
0.02020 85
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More quantities you need. These are sliders in the document. Table 7-7 

Name Value Description 

gatePos 48.7 cm The position of the photogate on the track. 

flag 0.375 in The width of the “flag,” which is the thing that goes through the photo-
gate. 

g 9.81 m/s2 Acceleration of gravity. 

slope 0.035 Set equal to rise/run; the slope of the ramp. 

run 1.00 m The distance between the two “feet” that hold up the ramp. 

rise 3.5 cm The thickness of the block we put under one set of feet to make the ramp 
tilt.

If energy is conserved, we expect that the potential energy at the top will be equal to the kinetic 
energy at the bottom, that is, 

mgh mv=
1
2

2(7 -12) 

where m is the mass of the cart, h is the vertical drop (height in the diagram), and v is its speed. 
The parameter g is the acceleration of gravity, about 9.81 m/s2. 

Using Equation 7-12, find an expression for the speed in terms of the vertical drop 1 
and gravity.

That’s what we want to plot: the speed (v in the formula) as a function of the vertical height 
(h). But how do we get those two quantities?

Speed comes from gateTime; less time is faster. The speed is the width of the thing that goes 
through the gate (flag in the file) divided by that time. 

We’ll use similar triangles to find height. The vertical drop, height, is the distance times the 
slope of the ramp. Slope is in your file, and is equal to rise over run, which are measurements 
we made of the track.

To find height we need distance. The variable start is the place 
where we released the cart. But the actual distance the cart 
travels is less than that, because the photogate is at gatePos.

What are the formulas for 2 distance, the actual distance the 
cart travels down the ramp, speed, the speed of the cart at 
the bottom, and height? (This is not a trick question; they 
really are easy.) 

Create new columns—with formulas—for distance and speed, 
and make the speed vs distance graph. 
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Comment on the overall shape of that graph. Does it make sense?3 

Make a new column for height, give it a formula, and make the graph of speed as a 
function of height. 

Why does it look so similar to the 4 speed vs distance graph?

Put a model on your graph (using Plot Function) based on your response to task 1. Use the 
slider g for g. 

Leaving 5 g at 9.81 m/s2, comment on how well the model matches the data. What does the 
model seem to do well? What is systematically wrong, and in which direction? 

Modify only 6 g to make the model match as well as you can. For what range of values does 
the model match the data pretty well? (If everything has gone well, that range will not 
include the official, orthodox value for g. Our “best” g will be too low.) 

How long a ramp would we need to get a cart going 10 meters per second? Discuss 7 
whether it’s OK to use the low value for g to solve this problem. 

Set 8 g back to the original value, and modify the other sliders one at a time to see what it 
would take to make the model match. What values of flag, gatePos, rise, and run would 
you need? (Slightly tricky.)

(Be sure to reset the value of each slider before going on to the next.)

At this point, the physics question is, why doesn’t our model match perfectly? Is it because of 
some physical cause such as friction, or because of some measurement mistake? We would ask 
ourselves which of the slider quantities might be wrong, and by how much. 

Speculate which of the slider values might be wrong, or, more generally, why our model 9 
doesn’t match the data. 

We plotted 10 speed as a function of distance, but the original data were gateTime and 
start. Do appropriate substitutions to find a model for gateTime as a function of start. 
What function do you get? Plot it on the original graph and comment on the fit. 

The vertical drop 11 height is not actually distance × slope. What is it really? How much 
difference does it make in this situation? 

Why don’t we need the mass of the cart to do this analysis? 12 
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Slowing Wheel Problem Set 28: 
In this set, we’re going to look at a wheel that is slowing down. We want to characterize how the 
wheel is slowing down; is it slowing down uniformly, or what? The problem comes in deciding 
what we mean by a wheel slowing down, and figuring out how to measure it. With something 
moving a straight line, it’s relatively straightforward: you measure its speed and record it, and 
you see that the speed is decreasing. But for something rotating, how do we measure its speed? 
That’s what we’ll discover. 

Our equipment will help determine what we can do. In this case, we have a wheel that has ten 
spokes. We set up the wheel with a photogate so that the beam of the photogate is shining 
through the spokes. That way, every time a spoke interrupts the beam, the computer records 
the time of that pulse. You can see the first few pulses in Table 7-8, and all of them in the file 
SlowingWheel.ftm. We have also calculated an attribute dt, which is the time between the 
current pulse and the immmediately preceding one.4 So if the wheel is slowing down, we expect 
this dt to get bigger with time, and that’s exactly what happens, as you can see in the graph. 

Wheel Spoke Times Table 7-8 

time dt
(seconds) (seconds)

0.099232
0.139330 0.040098
0.179829 0.040499
0.220474 0.040645
0.261436 0.040962
0.302938 0.041502
0.345133 0.042195

   

Just to check: exactly how did we get 1 dt = 0.040962 for one of the values? 

Suppose we kept collecting data until the wheel stopped. What will happen to the value of 2 
dt as the wheel slows down? 

Approximately how long does it take the wheel to go around 3 once at the beginning of this 
experiment? Remember: there are ten spokes. 

If the wheel kept going at the beginning speed (i.e., it did not slow down), how many times 4 
would it go around in one second? 

This last quantity, in cycles per second, is how we usually think of speed in a rotating ob ject. Why 
not just use the time dt? Because that number gets bigger as the wheel gets slower—and that’s 

4 Its formula in Fathom is time − prev(time). 
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backwards from the way we think of numbers and speed. But we can use dt to calculate this 
rotational speed.

Create a new column, 5 rotspeed, and give it a formula that will tell you, for every data 
point, how fast the wheel was rotating in cycles per second. (Make sure the value you get at 
the beginning matches the one you got “by hand” above in task 4.) 

What will happen to 6 rotspeed as the wheel slows down? What will be its value when the 
wheel stops? 

Make the graph of 7 rotspeed vs time. When do you predict the wheel will stop? 

Use the parameters from the 8 rotspeed vs time model to make a function on the dt 
vs time graph that fits the curving, increasing data there. (That is, back-transform this 
model.) What is that function? How did you get it? How does it behave when the wheel 
stops? Explain why that makes sense. 
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Cooling Problem Set 29: 
We put a temperature probe in a mug of hot water, and let it sit there 
for an hour, recording the temperature every minute. The data are in 
Cooling.ftm, and you can see the graph in the illustration. 

Cooling can be complicated, but in this case, it follows Newton’s Law of Cooling5 which states 
that the amount of heat something loses per unit time is proportional to the difference between 
its temperature and the temperature of its surroundings. 

If we get really official, we can express this as a differential equation: 

dT
dt

T TA= − −κ ( )(7 -13) 

where T is the variable temperature, TA  is the ambient temperature (that is, the temperature 
of the surrounding environment), and κ  is a parameter that depends on the materials and the 
geometry. 

If you aren’t doing differential equations yet, fear not. It’s a statement about how the temperature 
is changing rather than a formula for the temperature itself. To find that function, we solve the 
differential equation in 7-13 to get 

T t T T T eA A
t( ) ( )= + − −

0
κ(7 -14) 

where T0  is the temperature it starts at. That is, the temperature of the thing is the ambient 
temperature TA  plus a decreasing exponential. When it’s really hot, it cools quickly, but as it 
gets closer to room (ambient) temperature, the cooling slows down. According to the formula, it 
never gets all the way to room temperature; in practice, room temperature fluctuates, so the two 
temperatures do eventually equal. 

We should also check the beginning of the function to see if it makes sense. When t = 0, the 
exponential part is 1, so the temperature is T T TA A+ −( )0 , which is T0

, the initial temperature. 
Good. 

5 This is the same Newton—Isaac—who stood “on the shoulders of giants,” invented three Laws of Motion, figured 
out Universal Gravitation, split white light into colors using a prism, and gave Robert Hooke such a hard time. 
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If 1 κ  gets bigger, will the thing cool faster or slower? Explain. 

Looking at equation 7-14, what are your parameters? (There are three. One of them is the 2 
ambient temperature TA

; call it Ambient.) 

For which of these parameters can you make a good initial estimate of their values? Do so, 3 
and explain why. (Note that this means you should not move their sliders very much as you 
go about trying to fit the curve.) 

Make the graph and sliders, plot the curve, and fit it. Describe your process—Which 4 
sliders did what? What problems did you have?— and give your result. 

Predict: when, if ever, will the temperature get down to 30°C? 20°? 10°? 5 

A Bit of Linearizing 

Working with multiple sliders to fit a curve can be hard. Let’s use our ability to linearize the data 
(as explained in section xxx on page ppp) to see if we can make it easier. 

First, create a new column for what we might call the excess temperature, Texcess, which will 
have the formula Temperature –Ambient.This quantity ought to decrease exponentially to 
zero, that is, 

T T T eex A
t= − −( )0

κ(7 -15) 

 If that is true, then (taking the log of both sides) 

ln ln( )T T T eex A
t= − −

0
κ(7 -16) 

which means that if you plot the natural log of Texcess against Time, you should get a straight 
line whose slope is −κ . But how do you know what Ambient should be? Here is the incredibly 
sneaky answer: if Ambient is wrong, the graph will not be a straight line. 

Note:

It doesn’t matter whether you use natural or common log—the logic is the same. ➲

We will talk more about this sneaky technique in Chapter 9XXX. So if this is confusing,  ➲

check it out now.

Now for some more tasks:

Set up the new column for 6 Texcess, and another for its log (give it some sensible name). 
Make the graph. Instead of a movable line, use a least squares line (so that it will update 
automatically). Fiddle with Ambient to make it straight (a residual plot helps). Now what 
do you get for κ ? 
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Use the line to predict when the water will cool to 30°. Explain how you did that. How 7 
does this answer compare to the one you came up with in task 5 above? 

Use the values from the line to determine good values for the original, pre-linearized, 8 
curved plot. What are they? How do they compare? How does the curve look when you 
put it on the original graph? 

Extensions 

Back in task 5, you probably found that for some temperatures, the water would never 9 
cool down that far. But that was before you linearized. How does this “infinite time” 
business show up in the linearized version of the formula? Explain why that makes sense 
algebraically, graphically, and practically. 

Calculus students: Verify that Equation 7-14 is a solution for Equation 7-13. 10 
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Tilting the Scale I Problem Set 30: 
Forces add. If one kid pulls on a box with a force of 6 pounds, 
and another pulls in the same direction with a force of 8 
pounds, the result is the same as if a single kid pulled with a 
force of 14 pounds. What’s more, if you have a force of 3 pounds 
pulling one way, and a force of 4 pounds pulling at right angles, 
that has the same effect as pulling with 5 pounds in an direction 
between the two original forces.

This is adding vectors, which you may be familiar with. You can 
also decompose vectors: take a vector and figure out two vectors that add up to it. In problem 
solving, sometimes it’s easier to deal with the components (the two vector addends) than with 
the resultant (the vector sum). 

In physics, we often have to compute a normal force, that is, a force perpendicular to some 
surface. For example, a block sitting on a slope has weight—which is a force pointing straight 
down—that we can decompose into two components: one heading down the slope, and another 
perpendicular to it. 

You can see that if the weight of the block is W , the component heading into the ramp, F⊥
 is 

F W⊥ = cosθ(7 -17) 

where θ  is the angle the ramp makes with the horizontal.

Show that this formula makes sense for a block sitting on flat ground. (This is not a trick 1 
question; it’s just prudently checking a special case.) 

That’s the theory, anyway. To see if it really works, we put a blob 
of clay on an electronic scale (clay so it wouldn’t slide off ) and 
weighed it. We put the scale on a platform (35.5 cm wide) and 
lifted one end to tilt the scale.
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Sure enough the weight reading decreased. The data (in Table 7-9 and in TiltingScale.ftm) 
show the scale reading and the rise—the amount the end of the platform was raised. You can 
calculate the angle from the rise and the width of the platform. 

Scale Readings Table 7-9 

reading rise
(g) (cm)

58.40 0.0
58.10 3.8
57.10 7.7
54.10 13.5
52.55 15.7
31.10 29.9
32.20 29.5

 

What is the weight (or mass) of the blob of clay? How do you know? 2 

Calculate the angle in 3 degrees for each of the readings. How did you do it? Remember, 
all of Fathom’s trig functions work in radians. 

Make the graph (like the illustration) of 4 reading as a function of angle. Put a function on 
it that fits with the theory we described earlier. If you need any parameters, describe what 
they mean. If you don’t use parameters, explain why you don’t need them. 

At what angle would you tilt the scale so that it reads exactly half of object’s true mass? 5 

What would the formula tell us if 6 θ  were greater than 90 degrees? Does that make sense? 
Explain. 
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Kepler Problem Set 31: 
Johannes Kepler, brilliant mystic and theoretician, at first thought that the Solar System was 
encased in the Platonic solids, and wound up showing that planets moved in ellipses, not 
the perfect circles everybody from Ptolemy to the Pope had been touting since the dawn of 
Astronomy. 

He came up with three laws (why do laws come in threes?) of which the third tells us that the 
square of the period P of a planet in its motion about the sun is directly proportional to the cube 
of that planet’s distance D from the sun. That is, 

P kD2 3=(7 -18) 

Planet Data (the traditional nine) Table 7-10 

Name period distance
(years) (earth orbits)

Mercury 0.241 0.3871
Venus 0.615 0.7233
Earth 1 1
Mars 1.881 1.524

Jupiter 11.86 5.2028
Saturn 29.46 9.5388
Uranus 84.07 19.1914

Neptune 164.82 30.0611
Pluto 247.68 39.5294

The bigger the distance, the longer the period—but if you 
double the distance, you have to more than double the 
period. It increases by 8 , or about 2.8. We always knew 
that the outer planets took longer to get around the Sun; 
after all, they have farther to go. But not only do they have 
to go farther, they go slower. 

Your job is to see if he was right. 

Get the data from Table 7-10 or the file 1 Kepler.ftm. Make a graph of period as a function 
of orbit distance and make a model—a function—that approximates it as well as you can. 
Use Equation 7-18, of course, to figure it out. 

Redo your fit, using the variable 2 orbitR—which is the orbital radius in millions of 
kilometers—instead of distance. Now what value do you get for your parameter? 



  121

How could you tell 3 from the table that the parameter value had to be 1.000 when you used 
distance for the fit? 

What are the units of the parameters in the fits in tasks 1 and 2? 4 

You could use any of a number of functions for your model: 5 
P kD P k D P kD P kD= = = =3 3 3 2 3 2, , , or/ /( ) . There may be others. The question is, does 
it make any difference which one you use? Are any of them wrong? Are any easier to use? 
Discuss these questions. 

Look at the residuals for one of these graphs. Pluto (no longer a planet as of 2006) has a 6 
bigger residual than any “regular” planet. How far off is Pluto’s period in percent? 

What planet has the next-largest residual? Can you explain its error by the precision of the 7 
data (i.e., the number of decimal places)? Explain how you can tell. 

Suppose you wanted to make a model for distance (8 D) as a function of period (T). What 
would the function be? 

Make a graph of 9 distance as a function of period and test your function. 
What do you find? 
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Extrasolar Planet Problem Set 32: 
One of the most exciting aspects of modern astronomy is the search for extrasolar planets, that 
is, planets circling other stars. In 2007, they haven’t actually seen these planets, but this does not 
bother astronomers. 

Here’s why they think the planets are there: as a planet swings around its star, its gravity pulls the 
star, changing how fast the star is going very, very slightly. 

Even though nearby stars are going many tens of kilometers per second relative to one another 
(and relative to us), these researchers have measured velocity changes to within a few meters per 
second. The first observations indicating a planet circling a sun-like star—51 Pegasi (51 Peg, for 
short)—were made by Michel Mayor and Didier Queloz of Geneva Observatory in 1995. 

We can only detect the velocity changes along our line of sight; this is called radial velocity. 
In Table 7-11 and in Extrasolar Planet.ftm, JD ( Julian Date) is the time variable; RV is the 
(change in) radial velocity (the thing you want to model); and err is the likely error in that radial 
velocity.6 

Radial Velocity Data for 51 Peg Table 7-11 

JD RV err
days (m/s) (m/s)

2.6566 −48.85 8.17
2.6692 −46.21 4.88
2.6843 −38.30 4.77
2.8002 −51.71 4.76
2.8160 −48.23 4.91

  

13.6127 59.94 6.51
13.6356 62.99 6.99
13.8230 58.38 7.58
13.8424 40.98 10.95
14.6324 −3.47 7.73
14.6542 −0.28 7.44

If the planet is in a circular orbit, this velocity RV will be sinusoidal. So it should be of the form 

v t A
t h
Pr ( ) sin

( )
=

−2π
(7 -19) 

where A is the amplitude, h is a phase shift, and P is the period. 

Make the RV vs JD graph as in the illustration. It may not be obvious that these are sinusoidal 
data—but they are. 

6 In Fathom 2.1 or later, you can use it to make error bars. Open the graph’s inspector and go to the Plot panel. 
There, edit the formula for yErrorBarLength. Put err in the formula, and you’re done! 
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Construct a sine model based on Equation 7-19. What parameters did you use? What do 1 
they mean? 

Fit the model as well as you can to the data. What are the values of your parameters? How 2 
much error do you think there could be in your parameter values? 

You can see two peaks in the data, but there is a gap in between. Explain how you know 3 
how many cycles are in the gap. 

Your model probably has three parameters. Some people think this situation deserves a 4 
fourth, an additive constant. What difference does it make to the quality of the fit? 

Since 51 Peg is like the Sun, let’s imagine this planet in our own Solar system. Given its 5 
orbital period (which you determined from your fit), and the period-distance relationship 
in our own Solar System, how far must the new planet be from its Sun? (Use results from 
the Kepler Set—Problem Set 31xxx on page PPP—to figure this out.) 

How does that distance compare with distances in our own Solar System? That is, where 6 
would this planet be if it circled Sol (our Sun) instead of 51 Peg? 

Surf ’s up! Go online and find the currently accepted period and orbital radius for the 7 
planet orbiting 51 Peg. Compare those numbers to your results. 

Extension: Precision Periods Redux 

Look back at Problem Set 13 on page PPP. In an extension, we showed you a different way to get 
the period. 

Use the technique described there (using the 8 modulo( ) function) to get a precise value 
for the period. You should get a graph something like the one below.
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Vegetable Matter Problem Set 33: 
How well can you estimate the mass of a melon based on its size? Would you use the same 
technique with a tomato? Susan English measured a lot of fruits and vegetables at Market Hall 
Produce in Oakland, California (they even let her plug in the digital scale); the data appear in 
Table 7-12 and in Produce.ftm. 

In the table, length is the direct “pole-to-pole” diameter of the thing, while girth is the 
circumference around the equator. The stem of the fruit or vegetable comes in at a pole. She 
chose only fruits and vegetables that have kinda sorta rotational symmetry, so bananas and 
crookneck squash and string beans are not included. Many are roughly spherical, while some 
(such as the watermelon and the cucumbers) are obviously more elongated. 

There’s some useful vocabulary here: a watermelon is closest to a prolate spheroid, that is, a 
sphere that has been stretched, so that its diameter from pole to pole is bigger than its diameter 
at the equator. An oblate spheroid is the opposite: like a sphere, but squashed so that its polar 
diameter is smaller than the equatorial. If you had a spherical water balloon and set it on a table, 
it would become oblate. The Earth, interestingly, is slightly oblate, as are most grapefruit. 

In any case, these data give you some wonderful things to investigate. 

  

Two graphs from the produce data. At left, Figure 7 -2: girth vs length. At right, mass vs length; the spheres are 
selected in the right-hand graph. 

Plot 1 girth as a function of length as in Figure 7-2 (left). Drop the shape variable into the 
middle of the graph. What function seems to represent the data for the spherical foods? 
Why does that make sense? 

What characterizes the points that lie below the model function? How about the ones that 2 
lie above it? Why does that make sense? 

Plot 3 mass as a function of length as in Figure 7-2 (right), and find a reasonable model 
for that relationship, again looking only at the spheres. Why does that relationship 
make sense? 
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Again, why are some items far from the model? Are they the same fruits and vegetables as 4 
before? Why or why not? 

Selected Fruits and Vegetables Table 7-12 

shape fruit length girth mass
(cm) (cm) (g)

oblong watermelon 30.0 74.0 8760.0
sphere grapefruit 9.0 34.3 478.2
sphere yellow onion 6.5 25.2 214.0
sphere plum 5.0 19.5 111.3

long pickling cuke 10.5 10.5 68.3

    

sphere peach 6.0 23.3 190.9
sphere nectarine 6.5 24.9 247.4
sphere nectarine 7.0 21.8 180.9
sphere peach 7.5 27.4 334.5
sphere tomato 7.0 31.8 381.2
sphere peach 8.0 29.2 390.5
sphere cantaloupe 18.0 55.1 2810.0

 

For either of the models you made so far, should they go through the origin? Why or 5 
why not? 

Using the 6 length and girth measurements, figure out a way to estimate the volume of 
each produce item; put that (calculated) estimate in a new variable, estVol. Give your 
formula for estVol and explain why it should work. (Be sure the units you wind up with 
are units of volume.) 

Plot 7 mass as a function of estVol. What relationship do you expect? What do you get? 
Why are some items still not on the model? 

For this last model, what do your parameters mean? Do they make sense? 8 
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Fathom Tips and Pitfalls Chapter 8: 

Let’s take a moment to step back from the mathematics and look at the software. By now, you 
have learned quite a bit of Fathom, and for the most part you have probably found it easy to use. 

But let’s face it: we’re doing some pretty complicated things here. It’s not so much that certain 
kinds of problem require special features, but rather that for complex problems, it helps to know 
more than just the basics. Fathom seems so simple, many users assume they can explore on their 
own, and use simple gestures and commands to accomplish more and more. Often that’s the case. 
But sometimes, you get bitten. You may find yourself in a blind alley with no exit—except for 
Undo, of course. Or you may just need to remember that little trick, what was it? hold down 
control…? 

In this chapter, we’ll introduce (or review) some of tips and tricks, and point out some of the 
most common Fathom “gotchas.” Some of these are about features that may be hidden; others 
are about what we find to be the easiest, most fathomy ways to approach certain situations. 

Graphs 8.1 

Graphs are Fathom’s bread and butter. You grab variable names, drag them to axes, and shazam! 
There’s your graph. Let’s look at the subtleties. 

More Than One Variable on an Axis 

Once in awhile, you want two attributes on the same axis. Usually, if you drop a variable name 
on an axis that’s already occupied, you replace the variable that’s there. But while you’re hovering 
over the axis, notice if there’s a plus-sign at one end. if you drop the name there, you’ll add the 
variable to the axis. 

(xxx illus)
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Putting Different Symbols in Scatter Plots 

If you have a scatter plot showing two variables, you can drag a third variable into the middle of 
the plot and drop it. The points will be coded according to the value of the third variable. For 
example, in the book pages problem, we plotted thickness as a function of the top page number. 
If we have another variable (e.g., cover) with different values (e.g., hard and soft), we can drop 
it into the middle of the graph. Fathom will use different symbols for the two types of covers. 

If the new variable is continuous (cover is categorical), Fathom color-codes the points. 

(xxx illus)

Duplicating Graphs 

Often you have a graph all set up and you want another just like it, but with a small change. If 
you want them both, duplicate the first graph and then change the copy. Duplicate Graph is in 
the graph’s context menu. 

Synchronizing Axes between Two Graphs 

Sometimes you have two graphs, and to make comparisons between them, you want their axis 
scales to be identical. Here’s how to do it: 

In the context menu of one of the graphs, choose  ➲ Show Axis Links. Little “open link” 
icons appear. 

Grab a link on one axis, and drop it on the axis you want to synchronize (“link”) to it.  ➲

Now when you rescale one axis, the other will rescale the same way. 

(xxx illus)

Of course, comparisons are best when the two graphs are also exactly the same size, which you 
accomplish by duplicating the graph (above). 

The Importance of Zooming 

(XXX-what goes here?)

The Case Table and the Collection 8.2 

The case table (a.k.a. a data table) is the spreadsheet-like table where you most often see the data. 
It’s the place where people usually enter new data. Many beginners think that Fathom actually 
stores data in the table, but that’s not where the data live. Data live in the collection—the box of 
gold balls. The table is a view of the data (like a graph or a summary table). If you delete it, the 
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data are still there. You can even have more than one case table, looking at different parts of the 
same data. 

Making a New Case Table 

Suppose you delete your case table by mistake. How do you get a new one? Drag it off the shelf, 
of course, like everything else. But there’s a gotcha here: Sometimes the case table appears empty, 
with no data. What’s up? 

It’s like a graph: it won’t fill with data until you tell it what data to put into it. So drag the name 
of a collection (not the icon of the gold box but the name beneath the icon) into the middle of a 
table and drop. The case table will fill with data. 

The shortcut is to select the collection first, and then drag the table off the shelf. Then it fills 
automatically. 

The Formula Row 

If you make formulas for particular attributes (a.k.a. variables), you might want to see them. Use 
the context menu for the table itself and choose Show Formula Row. The formula row appears, 
showing each attribute’s formula. 

You can double-click a formula in the formula row to edit it. If an attribute has no formula, the 
formula row shows a gray box. Double-click the gray box to create a new formula. 

Formulas and the Formula Editor 8.3 

Formulas are hugely powerful in this work. They are everywhere in Fathom, but Fathom’s 
formula editor is a little quirky. But fear not: with practice and a few tips, it gets easy. 

The Editor is Modal 

First and foremost, if you’re using the formula editor, you cannot do anything else. It’s what they 
call “modal” in compu-geek-speak: if you’re using the formula editor, you’re in formula editing 
mode. To get out of formula editing, you must close the editor, either by pressing the OK button 
or by closing the formula editor window. 
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Getting Rid of Formulas 

Second, to get rid of a formula, wherever it is, get a context menu for the formula by right-
clicking (control-click on the Mac) and choosing Clear Formula. Clearing an attribute’s 
formula leaves the current values, though they will no longer change as a result of the formula. 
Clearing a formula for a function or value removes the plotted function or value from the graph. 
Likewise, clearing a formula in a summary table removes that statistic from all of the table cells. 

You can use the clipboard to cut and paste formulas as well. This can save you a lot of typing if 
you have complicated expressions. 

The Multiplication Gotcha 

This happens all the time. You’re plotting a parabola, y Ax= 2, so you make a slider named A, 
open the formula editor, and enter Ax ^2. The curve appears. You drag A. Nothing happens. 

This is because Fathom thinks you’re looking for a variable named Ax. Since Ax doesn’t exist, 
and you have no other variables in your expression, Fathom assumes you want to use Ax as the x 
variable for defining your function. So it plots y x= 2.

What to do? When you enter your expression, be explicit about multiplication. Use the asterisk, 
shift-8 , or use parentheses. That is, type A *x^2 or A(x)^2.

Why does it work this way? Because Fathom lets you have variable names that are more than one 
letter long. If it didn’t, you could do implied multiplication, knowing that Ax means A × x. But 
we need those multi-letter variable names. 

If you want to multiply your variable (broccoli) by a constant, implied multiplication works: 
x + 47broccoli does what you would expect. 

Pi and e 

To get π, type pi. It’s that easy. 

But there is no special shortcut for e = 2.71828 . . .. Fathom does not recognize that letter as the 
base of the natural logarithm, because it uses e for scientific notation: you can use 1e9 for one 
billion, for example.

So if you want to plot y Ae kx=  you need to use the exp( ) function, which means “e-to-the.” 
You would type A * exp(k * x) into the formula editor. 

If for some reason you want the value if e itself, use exp(1).
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Calculating Single Values 8.4 

Suppose you just want to calculate a single value, such as 7π. You could use a calculator, but can’t 
Fathom do it? Of course it can. Here are two ways: 

First, make a slider. Double-click its axis to open an inspector and then double-click the formula 
box opposite its name. The formula editor opens. Enter the formula and the slider will show the 
value. 

Second, you could make a summary table. Choose Add Formula from its context menu; enter 
the formula there, and on OK the value will appear. 

(already done in Ch 1? Better check. xxx)

A Philosophy of Slider Use 

Use sliders as much as possible, even if you don’t slide them (you could minimize them). The 
virtue in named quantities. Units on sliders (xxx-1. is this right?, 2. move up EXTEND)
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Advanced Chunking Chapter 9: 

In Chapter 6 on page PPP, we developed “chunking” strategies for linearizing data. The idea was 
to recast the equation so that it looked like a line, y mx b= + , by choosing the right chunks for 
x and y. If the function was an exponential or a power law, it was useful to take the log of both 
sides of the equation in order to get it into a form where you could separate the chunks. 

In this chapter, we’ll look at some additional techniques for linearizing functions, using some less 
straightforward examples. 

The main technique we talk about here is to recognize a function that you can almost chunk 
into the equation for a line. If you can make it a line except that you don’t know the value of one 
parameter, you can do the following: 

Change the equation, if necessary, to be of the form  ➲ y mx b= +  except that it still has one 
“free” parameter. 

Make new variables, if necessary, and a slider for that free parameter. ➲

Plot the graph, and put a least squares line on it.  ➲

Move the slider until the data make a straight line.  ➲

When the parameter has a good value, the (transformed) data will be linear. 

Three-Parameter Example9.1 

Let’s look back at Problem Set 26xxx on page PPP for our 
first example. We have data about a ball toss. According to 
physics, a quadratic function—a parabola— makes a good 
model.

We linearized a parabola way back on page PPP. But here, 
the parabola is transformed by more than just a stretch: its 
vertex is not at the origin. So there are three parameters: 
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shifts in x and y, and the stretch. When we apply a chunking strategy, we get a line. But a line has 
only two parameters; how will we get the third? 

We could use sliders and residuals as we did in Problem Set 19 on page PPP. But let’s see how to 
use the software to linearize this parabola. 

Setting Up the Chunks and Finding a Good Line 

The parabola will have a formula that looks like 

y a x h k= − +( )2(9 -1) 

though it uses different variable names, of course. If we “chunk” this equation, and set 
u x h= −( )2 , it changes into y au k= + , which is again the same as y mx b= + . As you can see, 
the a and the k come through directly: a will be the slope of the line and k will be the intercept. 
We don’t have to take 10a  or anything to find the parameter value. But how will we find h?

y a x h k( )2

y = mu + b
We’ll make a slider for that one parameter only, and put it in a formula for u, and then plot y 
against u. How will we know when we have a good value for h? Think of it this way: what are 
the consequences of being wrong? If the form of the model is correct—that is, the motion really 
is quadratic—and h has the right value, plotting y vs u will give a straight line. But if h has the 
wrong value, then even if the form of the function is correct, the y-u plot will not be straight. 

So we have this strategy: 

1. Make a slider for h; 

2. Make a new variable u and use the formula u x h= −( )2 ;

3. Plot y vs u; 

4. Put a least-squares line on that plot; and 

5. Move the h slider until the points lie on the straight line. 

Two sample graphs appear in Figure 9-1 on the facing page.(xxx)
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Making the Curve 

Now you have good values for all three parameters. Using our sample balltoss data, we have 
−0.0835 for the slope and 15.6 for the intercept. Plugging these two values—and the 18.1 from 
the slider—into our formula, we get 

y x= − − +0 0835 18 1 15 62. ( . ) .(9 -2) 

which we plot in Figure 9-2 below (XXX).

  

This shows residual plots on Figure 9 -1: y vs u with bad (left) and good (right) values for the parameter h. Note 
how the residual plot (which we learned about in Chapter 6 on page PPP) helps assess how good the line is. 

The quadratic fit. We derived its parameters by linearizing, as shown above. Figure 9 -2: 
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Another Example: Exponential with Offset 9.2 

Suppose you have a situation with decreasing exponential data. In this case, the exponential does 
not decrease to zero, but rather to some other asymptote. This is similar to what you faced in 
Problem Set 29 on page PPP where the water was cooling towards room temperature.

Suppose this function is a good one: 

y Ae zx p= +/(9 -3) 

It has an amplitude A, a scale value p, and offset z . If you take the log of both sides, the right-
hand side becomes a mess. So move z over before you transform it like this: 

y Ae z

y z Ae
y z p x a

x p

x p

= +
− =

− = +

/

/

log( ) ( / ) log1

Now we have chunks! If we plot log(y − z ) on the vertical axis and x on the horizontal, we 
should have a line of slope (1/p) and intercept (log A)—as long as the parameter z has the right 
value. In the temperature context, (y – z) is how hot the water is compared to room temperature.

So we’ll estimate z from the original data, make the plot, and then adjust the parameter so the 
data look straight. 

Note that when you’re chunking, it’s perfectly OK to transform the y variable as well as x. 

How Do You Know When It’s Straight? 9.3 

While you can often see pretty well when data are straight as you adjust a parameter, there are 
things you can do to be sure your graph is as straight as you can get it. 

First, this is a good time to use an automatically-calculated least-squares regression line. That 
way, as you adjust the parameter, the line will automatically adjust, and you can easily compare 
the data to the line. You don’t have to readjust a movable line with every tweak of the parameter. 

Second, you can use the r2  parameter that appears with the least-squares line to guide you. 
The closer the points are to a straight line, the closer that statistic will be to its theoretical 
maximum, +1.0. 

Finally, you can use residuals as in Figure 9-1 (XXX) on the previous page. Choose Make 
Residual Plot from the context menu, and watch how the residuals change as you change the 
parameter value. When the line is straightest, the residuals will be uniform and small. 
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How Chunking Can Go Bad 9.4 

Chunking works out well; what can go wrong? Let’s look back at the parabolic ball-toss data. For 
one thing, we were lucky (or prescient) to use the vertex form of the parabola. If we had started 
out thinking our model would be 

y ax bx c= + +2(9 -4)  

it would have been harder to chunk effectively. Suppose we said u ax bx= +2 . Then we’d have 
y u c= + , which looks great, and is certainly linear, but we’d still have two parameters—a and 

b—to slide around to get u to come out right. That is, we only used the line to get one parameter, 
the intercept. 

Could we get the slope? We could pull out the a to get 

y a x
b
a

x c= + +( )2(9 -5) 

Now we can make a new parameter p = (b/a), and set w x px= +2 . When we plot y against w, we 
can slide p to make the points straight. We get a value of p = −36.1. We multiply that by a to get 
our original parameter b. 

That works, but whereas h had an actual physical meaning—the horizontal position of the 
maximum—this new parameter p doesn’t mean anything until we finish the calculation. While 
that happens sometimes, it’s nice to understand what the letters mean throughout the process. If 
nothing else, we could just look at the graph to get a good estimate of h, which tells us where to 
start the slider. 

Basically, the standard form doesn’t chunk well; with other, weirder models, you may not be able 
to chunk at all. In order to make this linearization scheme work, the chunking has to separate 
the parameters from one another and isolate them in the expression for u. We have done the 
chunking for you here; if you face a wholly new situation, you may have to try several chunking 
schemes to get one that works. 
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Advanced Chunking Problem Set 34: 
For each task, you get a data set and a formula that will model the data. You should: 

Plot the curved, original data to match the illustration.  ➲

Linearize the data, that is, create new variables that, when plotted, come out in a straight  ➲

line. You will need one additional parameter. 

Adjust the parameter so that the data are as straight as possible.  ➲

Transform the parameters back in order to find the parameters of the original, curved  ➲

function. 

Plot the curve on the data using those parameters.  ➲

Another quadratic relationship is in 1 LinParabola2.ftm. Plot y vs x and use 
y A x h k= − +( )2 . At first glance, this may not look quadratic, but it is. 

Exponentially decreasing data, 2 temp as a function of time, are in LinExponential3.ftm. 
Use the function temp P A Bmin

time= + ×  to model the data. 
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The periodic data, 3 y as a function of t are in LinSine.ftm. The underlying model is in the 
form y A t P y= +sin( / )2 0π (XXX-missing pi). 

Instead of linearizing the data, use sliders for each parameter, to fit the data in tasks 4 
1, 2, and 3. Use residual plots to get the best values for your parameters. Compare the 
parameters you get with the ones you got from linearizing. Are they pretty much the same? 
Which technique do you prefer?
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Modeling On Your Own Chapter 10: 

Sometimes you’re presented with data and you have no theoretical reason to believe that the data 
follow one function as opposed to another. 

In this chapter, you’ll see data sets that you can model with lines, hyperbolas (inverse variation), 
quadratic functions (parabolas), exponentials, power laws, or trig functions…but we won’t say 
which. You may have some prior knowledge that will help you, but it’s not necessary. 

You will need to be careful, however: some functions look a lot like others. So don’t accept 
“just OK” when you can do better. You may also have to transform your functions—shift 
them and stretch them—to get them to fit the data. Remember Occam though: be stingy with 
parameters. Use as many as you need—but no more. 

Lesson from Calculus: Everything Is Linear If You Look Closely Enough 

You may have noticed that often, when we blithely tell you that such and such data follow an 
exponential pattern, and you look at the graph, it looks linear. You put a line on it, and look at 
the residuals, and you think, well, if I apply some imagination, I can see that it’s curved. What’s 
going on? Is it exponential or not? And does it matter? 

Two things. 

First, if you take any function ➲ 1 and zoom in, it will look linear. The appearance of curvature 
depends on the scale. 

Therefore, on small scales, linear models really do work in the sense that they match the  ➲

data. On larger scales, however, believing in a linear model can lead you astray. 

You can even find meaning in the slope of that small-scale linear model. It’s a slope, after all, so 
it is a rate. If you’re looking at the temperature of cooling sludge, and it’s cooling at 4° per hour, 
that’s a legitimate rate even though the overall function is exponential and that slope is getting 
shallower with time. You can use that rate to predict the temperature an hour from now, but 
maybe not the temperature tomorrow. 

1 Okay, not any function. But in real life, almost everything is continuously differentiable.
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How can you tell whether straight data really are curved? If you have an outside reason to 
expect a particular functional form, that’s a clue. Also, if you can imagine a situation at an 
important value that doesn’t fit the line (often at zero, as we had with the roller coaster data in 
Problem Set 10 on page PPP), or if extrapolating to large values doesn’t make sense, that suggests 
that the linear model may be wrong. 

Of course, a great tool for assessing linearity is the residual plot. 
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Book Dimensions and Mass Problem Set 35: 
Let’s look again at data about books. In Problem Set 4 
on page PPP, we found a linear relationship between the 
thickness of books and the number of pages. Here we’re 
interested in the books’ mass, that is, how much they 
weigh.

Table 10-1 shows data for 17 paperback books. We 
measured each book with a ruler to get height, width, 
and thickness. We have hiPage, the highest page 
number. We also weighed each book, so we have its mass in 
grams. These data also appear in BookWeights.ftm.

Dimensions and Masses of 17 Paperback Books Table 10-1 

height width thickness hiPage mass title
(cm) (cm) (cm) (g)

17.4 10.65 2.8 382 198 Red Square
17.4 10.5 1.75 272 154 Dreadful Lemon Sky
17.4 10.6 1.6 214 108 Why Aren’t They Screaming?
17.4 10.5 2.0 283 160 Princess Bride
17.8 10.8 1.25 139 114 Lionin Winter
20.7 13.15 0.65 108 136 Flatland

17.45 10.4 2.2 339 182 Venetian Mask
17.4 10.5 1.7 230 130 Death of a Russian Priest
17.3 10.3 3.3 517 266 Perfect Spy
23.0 15.3 2.55 475 678 Kahawa
20.1 15.1 1.3 136 219 Rules of Thumb
22.8 15.2 0.8 109 198 The Pupil as Scientist
19.6 13.3 2.5 496 458 Post Captain
19.6 13.3 1.5 287 270 Reverse of the Medal
19.6 13.4 1.75 319 302 Thirteen Gun Salute
19.6 13.3 1.9 348 326 Mauritius Command
17.4 10.4 2.85 617 299 Prayer for Owen Meany

 

Develop a model—a function—that predicts 1 mass pretty well. What is your model? 
(That is, what formula do you use to predict mass?)

This will not be as clean and obvious as many of the models we have created here. Also, good 
models for this problem generally use more than one variable, or at least a computed variable 
that somehow incorporates the values of several variables. 

Why did you choose the model you did? 2 
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What parameter(s) do you have in your model? What are their values? What do 3 
they mean? 

Create a graph that shows how well your model works. Explain how the graph shows the 4 
quality of your model. 

Note: This may not be so easy. If you have more than one “predictor” variable in your 
model, which one do you put on the horizontal axis? One good strategy is to put the mass 
of each book on the horizontal axis, and its predicted mass on the vertical axis. Then plot 
the line y = x on the graph as your model. (Think: why plot that particular line?) You can 
even look at the residuals from that line. 

Suppose you had a book that was 17 cm tall, 11 cm wide, 2 cm thick, and had 292 pages 5 
and a mass of 250 grams. Is that a reasonable book for your model? Is its mass unusually 
large or small? What could possibly account for that? 

Statistics Note 

If you know about multiple linear regression, you could use it on these data. But that’s not really 
necessary. We really pictured this as a situation where you thought up a sensible model, but 
didn’t know the parameters. So you would make sliders for the parameters and adjust them until 
the fit looked pretty good. 



  145

Shopping Carts Problem Set 36: 
You know how shopping carts nest together when they’re not being used? We measured “trains” 
of nested shopping carts at Berkeley Bowl Marketplace, recording the total length of the train 
and the number of carts in it.

It should come as no surprise that the overall relationship is linear. You can see the data in Table 
10-2 and in ShoppingCarts.ftm. 

Shopping Cart Data Table 10-2 

N length notes

(cm)

2 138
3 169
3 170
3 168
4 202 bale up
5 234
5 242 being brought in

10 390
7 295
7 309 being brought in

14 517
20 709

Make the linear graph like the one in the illustration. Use a movable line or a least squares line to 
make a reasonable model. 

Why does it make sense that the model ought to be linear? 1 

In the function, what do the slope and intercept mean? 2 

Three of the points have “notes.” In two cases, guys were bringing trains in from the 3 
parking lot. In another case, one of the “bales” was sticking up out of the train. 

In these three cases, then, the carts might not be nesting quite properly. Does their data 
indicate that they don’t fit the model? (Use a residual plot.) Explain.

How long do you think 4 one cart is? Explain how you decided on that length. 

Suppose the data curved so that the graph was concave 5 down, i.e., decreasing slope. What 
would that mean about the trains of carts? 

Suppose the data curved up? What would that mean? 6 

Do you see any evidence for curvature? Look critically at the data. Consider whether to 7 
remove points; be sure to justify it if you do.  
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Alligators Problem Set 37: 
Wildlife biologists want to know about how the alligators in Central Florida are doing, but they 
(understandably) don’t want to go in and weigh them all. It turns out to be relatively easy to 
estimate the lengths of alligators from aerial photographs. Can we use the length to figure out 
the weight? 

The file Alligators.ftm and table 10-3 show data for 25 alligators captured in central Florida. 
We have recorded weight in pounds and length in inches.

Make a graph of weight vs length. 

See how it curves up? Try to fit a parabola to it. Describe what 1 
you did and how you know it won’t work no matter what 
parameters you use. 

Find another increasing, concave up function that does fit 2 
better. What function did you use? What are the parameters? 
What are their “best” values and reasonable ranges? 

Suppose you had a 9-foot alligator. How much do you expect 3 
it would weigh? 

Nine-foot alligator again: the weight is plus or minus what? 4 
How did you come up with that range of weights? 

How long do you think a 500-pound alligator would be? 5 
(As long as it wants.) No: how long, in inches, according to 
your model? 

Describe what the parameters mean in this situation, for as 6 
many parameters as you can. 

If you needed a function to predict 7 length given the weight, 
what would you use? Describe a situation in which that would 
be sensible. 

Ideally, a function you use as a model makes sense in that you 8 
can tell why the form of the function (e.g., linear instead of 
sinusoidal) is right for this real-world situation. Is that the case here? Make any argument 
you can that the form you chose makes sense given the length-weight-alligator situation. 

Hint: hexnuts. 

 Alligator data Table 10-3 

weight length
(lbs) (in)

130 94
51 74

640 147
28 58
80 86

110 94
33 63
90 86
36 69
38 72

366 128
84 85
80 82
83 86
70 88
61 72
54 74
44 61

106 90
84 89
39 68
42 76

197 114
102 90
57 78
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Absolute Zero Problem Set 38: 
We swiped some data that long-forgotten physics students had taken in a physics lab at San 
Francisco State University. In this lab, they put a constant amount of air into an airtight metal 
container and immersed it in a water bath that started out pretty warm and gradually cooled to 
near freezing. 

Using a pressure probe, they measured the pressure2 inside the container; using a temperature 
probe (basically a digital thermometer), they measured the temperature. 

Temperature and Pressure Data Table 10-4 

temperature pressure
(C) (kPa)

35.350 217.750
33.836 216.773
33.055 215.796
31.639 215.308
30.320 214.331
27.829 213.843
27.683 212.378
24.119 210.913
21.775 208.472
18.259 207.030
15.964 204.566
14.890 203.589
12.937 202.612
11.472 201.636
9.763 200.171
8.200 199.863
6.931 197.729
4.587 196.753
3.662 195.776
1.950 194.311
1.413 193.823
1.120 193.023
0.241 192.846

2 A Pascal is a metric unit of pressure equal to one Newton per square meter; but a Pascal is so small that we more 
often use kilopascals (abbreviated kPa). Air pressure at sea level is about 100 kPa. 
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Table 10-4 and AbsoluteZero.ftm have the data. Make a graph that shows pressure as a 
function of temperature. 

Describe the relationship you see. What is a good model for this relationship? (Be simple!) 1 
Why does that make sense? 

What do the parameters mean in the relationship you found? 2 

At what temperature will the gas have normal atmospheric pressure (101.3 kPa)? 3 

At what temperature will the gas have 4 zero pressure? This is called absolute zero. 

Reverse the axes on your plot, that is, put 5 temperature on the vertical axis. Fit a line to 
the data; go ahead and use a least-squares line. The y-intercept is absolute zero. Why? 

Look up absolute zero somewhere. How well did the San Francisco State students do? 6 

More to the point, is the standard value for absolute zero consistent with your data 7 
analysis? Here’s one way to investigate this question: Add a new point to the data set at 
absolute zero, and zero pressure. Fit a line to the whole data set. Does the new point make 
a strong pattern in the residuals? 

Extension 

A different lab group collected the data in the collection called different gas data (it’s to the 
right in AbsoluteZero.ftm). 

What do you get for absolute zero from these data? 8 

How do the parameters from this group’s model compare with those of the original data 9 
set? How can the parameters be so different but the result be the same? (There are two 
kinds of answers to this question: mathematical and physical. Try for both.) 
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Hanging Slinky Problem Set 39: 
We took a slinky and let some of its coils hang down. How far down does it hang? It depends—
mostly on the number of coils. 

The physics of this situation is fairly complicated, but you can still come up with a model—a 
mathematical function—that describes the data pretty well. 

The data appear in Table 10-5 and in HangingSlinky.ftm. 

Hanging Slinky Lengths Table 10-5 

length coils
(cm)

0.8 5
1.6 10
3.3 15
6.1 20

10.3 25
15.5 30
21.9 35
29.8 40
39.0 45
49.3 50
60.3 55
72.1 60
85.1 65
99.3 70

115.0 75

Make a graph. 

  

Which quantity belongs on the vertical axis? Why? 1 

Make a function to approximate the graph, using only one parameter. What is your 2 
function? Why did you pick it? How well does it do? 

Suppose you wanted a hanging slinky 3 meters long. How many coils would you need? 3 
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Suppose you did this with a stiffer, more forceful slinky. How would that change the data? 4 
How would it change the function you found for your model? Explain why. 

Extensions 

You may want to improve your model by including an additional parameter or two. Do so, 5 
but tell what you added, explain how you knew you needed it, and describe what effect it 
has on the graph and on the quality of the fit. 

Make a new column to calculate the length of the five top coils. Call it 6 topfive. For 30 
coils (for example) this will be the length of 30 minus the length of 25. (Explain why.) That 
would be 15.5 − 10.3, or 5.2 cm. For the first case, this quantity is 0.8 cm, since the length 
of 0 coils is 0 cm. Your formula might be coils - prev(coils). 

Find a function that models topfive as a function of coils. 

In the previous task, why doesn’t the first point fit the model? It might help to get an 7 
actual slinky, hang five coils down, and see what happens. 

Thinking about an actual, physical, standard slinky, what do you think are the limits of 8 
this model? That is, how many coils can you let loose before the function no longer makes 
sense? You may need to estimate the diameter of a slinky to figure this out; use 10 cm. 
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Pendulum Problem Set 40: 
How fast does a pendulum go? When we ask that question, we probably don’t really mean fast 
as in speed. We’re probably thinking, how rapidly does it go back and forth? It’s period and 
frequency we’re after: a “fast” pendulum has a high frequency, a short period. 

So: what’s the period of a pendulum? 

It could depend on several things. The obvious things are the length of the string, the mass of the 
weight, and the height you release it from. Interestingly, the main effect comes from the length 
only. That’s the subject of an important physics lesson; here, we just want to use data to see what 
that effect is. You’ll find the data (carefully taken by Bryan Cooley) in Pendulum.ftm and in 
Table 10-6. 

Pendulum Data Table 10-6 

length tenPeriods
(cm) (sec)

13.5 7.59
30.5 11.11
53.6 14.78
78.4 17.93

119.1 22.00
119.1 22.15
119.1 21.78
119.5 21.66
119.5 22.07
119.5 21.97
120.8 22.07
120.8 22.25
120.8 22.07

For the data in the table, we measured ten periods of the 
pendulum, because it’s too hard to measure just one. (So 
you’ll have to divide by 10 to get the period.) 

Make your graph of 1 period (not tenPeriods) as a 
function of length and figure out a function that fits 
the data pretty well. It is not a straight line. 

Why does 2 period go on the vertical axis? 

If you wanted a pendulum with a period of 10 3 
seconds, how long would the string (or rope) have to be? Explain how you used your 
function to find out. 
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Find out how the frequency4 3 of a pendulum depends on length. Make a new column 
(frequency), then make its graph and plot the function. Use the same slider, setting it up 
so that a good value for the period graph also works for frequency.

What function did you use? What is its relationship to the one you used for period? 

Of all the functions in this problem set, should any go through the origin? Explain why or 5 
why not. 

Is it easier work with 6 period than with frequency in this context? Why? 

The data file has different masses as well. Study the effect of 7 mass on the period. What do 
you find? How can you demonstrate that (e.g., with a graph)? 

3 Remember, frequency = 1/period. Instead of how many seconds in a cycle, it’s how many cycles in a second. 
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BoyleProblem Set 41: 
Robert Boyle was a scientist—though he probably called himself 
a “natural philosopher”—who studied, among other things, air 
pressure. He did a famous experiment, reported in 1662, where he 
measured the pressure of a fixed amount of air as he compressed it. 
That is, he measured air pressure as a function of the air’s volume. 

Table 10-7 shows his data; they also appear in the file Boyle.ftm 
(in which we have converted the inches and sixteenths to decimals). 
In that file, vol is proportional to the volume of the air. The 
numbers are the numbers of the marks on the air cylinder, set up so 
they would get to zero when there is no volume left. The variable 
pressure is the pressure in inches of mercury. The experiment 
started with vol = 48 at regular atmospheric pressure, and then 
Boyle pushed the plunger in, taking pressure readings at the marks in 
the table. 

If you decrease the volume of a fixed amount of gas, do you 1 
think—based on common sense—that the pressure will go up 
or down? Explain why you feel that way. 

Make a graph of 2 pressure as a function of vol, and plot a function that matches the data 
well. Use only one parameter (for now). 

Explain how you decided to use that function. 3 

If there were twice as much gas in the cylinder, what do you think would happen to the 4 
parameter? 

What would you plot against pressure to get a straight line? Try it and show that it works. 5 

What is the relationship between the original parameter and the slope of the line you just 6 
found? Show why that’s the case algebraically. 

Boyle’s Data Table 10-7 

Volume Pressure 
(marks) (in) 

48 29 2/16 
46 30 9/16 
44 31 15/16 
42 33 8/16 
40 35 5/16 
38 37 
36 39 5/16 
34 41 10/16 
32 44 3/16
30 47 1/16
28 50 5/16
26 54 5/16
24 58 13/16
23 61 5/16
22 64 1/16
21 67 1/16
20 70 11/16
19 74 2/16 
18 77 14/16
17 82 12/16
16 87 14/16
15 93 1/16 
14 100 7/16
13 107 13/16
12 117 9/16
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Extension 

Make a residual plot using your function and refine the parameter value. 7 

The spread of the points looks as if it’s larger at one end of the graph. Which end? Why do 8 
you suppose the variation might be larger at that end of the graph? (It may help to think 
about the original situation.) 

More Extension 

If you think you see a small remaining systematic error (not everyone does): 

Use another parameter (or parameters) to account for that error and make the function 9 
fit better. 

Explain how you decided on that particular enhancement to the function. Why did you 10 
pick the form you did? How did you incorporate it into your original function? How did 
you decide on the parameters and their values? 

What do you think could be the source of that error? 11 
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Jupiter’s Moons Problem Set 42: 
Galileo was famous for, among many things, discovering Jupiter’s four largest moons. They’re 
going around that giant planet in more or less circular orbits. From here on Earth, however, it 
looks as if they’re just going back and forth—because we’re seeing the orbits edge-on. 

We can get data from the Jet Propulsion Laboratories ( JPL) in Pasadena, California about where 
these moons are—or will be—at any given time. In JupiterMoons.ftm, you’ll find data about 
the positions of these four moons for a couple of months in 2008. We’ve listed the Modified 
Julian Date (mjd);4 and then the number of arc seconds5 each moon is away from Jupiter; and 
finally, for your convenience, day, which is the number of days since the start of the data set. 
Since an arc second is a measure of angle (not time!) the values in the table for the moons are just 
distances on the sky, plus or minus depending whether the moon is to the left or right of Jupiter. 

Jupiter Moon Data, January to April 2008 Table 10-8 

mjd Io Europa Ganymede Callisto day

(days) (distance(xxx) from Jupiter in arc seconds)

54466 −73.29 −4.56 219.96 −46.15 0
54467 89.61 −143.59 208.23 −194.09 1
54468 −92.86 64.66 46.76 −315.70 2
54469 79.90 121.34 −148.43 −394.66 3
54470 −55.01 −107.19 −237.58 −420.55 4
54471 19.69 −76.79 −156.90 −389.95 5
54472 16.87 140.99 36.14 −306.91 6
54473 −53.09 26.38 203.36 −182.44 7
54474 78.34 −147.99 224.51 −33.12 8

     

Plot 1 Callisto as a function of day. Then find a function to fit those data. What function 
did you use? 

Explain the parameters of your function. Did you get by with three, or did you have to 2 
use four? 

Make similar fits for 3 Ganymede, Europa, and Io, in that order. What are the periods of 
these four moons? What are the radii of their orbits (in arc seconds)? Make a table in case 
you need them later…

4 Astronomers use this a lot. It keeps you from having to do long, tedious calculations like figuring how many days 
there are between January 1 2008 and, say, Arbor Day 2020. It’s basically the number of days since 17 November 
1858. In our data, 54466.0 is 1 January 2008. 

5 An arc second is a measure of angle: 1/60 of an arc minute, which is 1/60 of a degree. An arc second is roughly the 
angle subtended by a quarter at three miles. Or a 2-euro coin at 5 km. Really small. 
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Explain why it got harder to find the functions as you moved from 4 Callisto to Io. What 
could you do (or what information could you get) to make Io’s orbit easier to fit?

The fits are (probably) only so good—why do 5 
you suppose you can’t fit the orbits exactly? (The 
illustration is a good fit of Europa.) 

If you did not use a residual plot to help you before, 6 
do so now, using the data for Ganymede. What 
effects do the various sliders (parameters) have on 
the residual plot? Observe carefully, describe what 
happens, and, if you can, explain why. 

Extensions 

Analyze the periods and radii of the orbits of these moons using the technique we used for 7 
the entire solar system in Problem Set 31 (Kepler). 

You used 8 day instead of mjd to make your fits (we hope!). Try using mjd, and describe 
what happens. Explain why that happens; that is, why is it easier to use day? 

Use the 9 modulo strategy we described in 
Problem Set 13 (The Whistle) to calculate the 
period of Io. How does that match the period you 
got when you fit the sine wave to the data? How sure 
are you of your value for the period? That is, does 
this technique work any better than just tweaking a 
sine wave? 

The illustration shows the Io phase data when the 
period is almost right.

Look up values for these periods on the Internet and 10 
compare them with your results. 
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Not Quite Transparent Problem Set 43: 
When you shine a light through a window, or a fish tank, or a plastic disk, it doesn’t all get 
through. But how much light does get through? It depends—especially on the material and how 
much of it there is. 

We happened to have a lot of clear plastic disks left over 
from printing some CDs, so we decided to see how much 
light gets blocked by one of these things. The plan was to 
put various numbers of them, all stacked together, in front 
of a light probe. We would do this for different numbers 
of disks and assemble a function: the amount of light that 
gets through as a function of the number of disks. 

There was a problem, however: the overall light level 
varied. So we set up a second probe to take data at the same time, looking pretty much in the 
same direction. We did not put the plastic disks in front of it. The idea was that we could use the 
ratio between the lights—our light level, L divided by the ambient light level, Lamb—to tell us 
how much light was getting through. 

The data are in Attenuation.ftm. Table 10-9 shows some of the data. You can see that the more 
disks there are, the less light gets through.

Attenuation Data Table 10-9 

Light Ambient Light number of
L Lamb disks

292.1 226.7 0
309.4 241.4 0
266.8 234.4 1
254.3 246.1 2
215.8 230.8 3
207.0 241.9 4
192.7 244.2 5
174.6 238.2 6
167.7 244.9 7
132.7 211.1 8

Make a new column to compute 1 Lratio, the ratio of the “test” light to ambient light. Its 
initial value is greater than 1. What does that mean? Is that OK? 

Plot 2 Lratio as a function of disks. Make a model—a mathematical function—to 
approximate the data. What function did you use? Why did you choose that kind of 
function? 
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On average, taking only the first 5 or so disks into account, how much light gets through a 3 
single disk? Explain how you figured that out. 

How many disks would it take to let only 1 percent of the light through? 4 

What do you plot against what to linearize the data? Do so and compare your result to 5 
what you found above. 

Extension 

The actual data do not fit the initial model well for disks > about 5.

How can you deal with that in making your models? Try to make a better model. Describe 6 
what you tried and how well it worked.

Speculate as to why the initial model breaks down. 7 
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Microwave Heating II Problem Set 44: 
Earlier we heated water in a microwave oven, and looked at the temperature as a function of the 
amount of time we heated the water. For each of those runs, we used the same amount of water. 
(This is often a good strategy, by the way. To control variables, we hold one thing constant—the 
amount of water— and change the other—the amount of time.) 

For this problem set, we will do the opposite: we’ll always put the water in on high for 30 
seconds, but heat different amounts of water. 

The data appear in MicrowaveVolume.ftm and in Table 10-10. 

Heating Water—Constant Time Table 10-10 

time Tbefore Tafter vol
(sec) (C) (C) (mL)

30 21.40 27.31 500
30 27.31 33.21 500
30 21.19 28.10 400
30 22.22 37.95 100
30 32.05 42.42 250
30 22.57 33.54 210
30 23.22 45.13 66
30 22.15 30.76 324
30 29.45 38.77 250
30 24.08 37.02 124

Perhaps using your experience with the other microwave problems (Problem Set 7 on page 1 
PPP), make a graph—and, if necessary, additional calculations—that shows, overall, how 
the amount of water affects the temperature of the result. 

Devise a model—a function—that approximates the data. 2 

Suppose you had 300 mL of water at 25°C and you put it in the oven on high for 30 3 
seconds. What temperature would it be when you took it out? 

Now, incorporating these data and the model from Problem Set 7 on page PPP: Suppose 4 
you had 1000 mL of water (about a quart) at 25°C, and you wanted to heat it up to 50°C. 
How long would you put it in the oven? 
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The Population of Peru Problem Set 45: 
The population of Peru has been increasing over the last half of the 20th century. The file 
PeruPopulation.ftm shows the population from 1950– 2000; Table 10-11 shows some of 
that data. 

Population of Peru Table 10-11 

Year Pop

1950 7632500
1951 7826200
1952 8025700
1953 8232100
1954 8447000

 

1975 15161199
1976 15573199
1977 15990099
1978 16414399
1979 16848699
1980 17295298
1981 17754798

 

1996 25079261
1997 25595406
1998 26111110
1999 26625121
2000 27136207

What is a good model for Peru’s population? You can see in the graph that it’s increasing steadily; 
you can probably also tell that it is not linear— it’s slightly concave up.

What would it mean if the graph were linear? What does it mean that it is concave up? 1 

Make a graph and come up with a model. 2 
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We think you will need at least two parameters. When you do so in Fathom, it will be 
easier to use two alternative variables that are in the data file: 

PopMill is the population in millions (so you don’t have to deal with so many digits)

since50 is the years since 1950. 

Based on your model, what do you predict for the population of Peru in 2050? 3 

About how many percent per year is Peru’s population increasing? How did you 4 
figure that out? 

Extension: Rate of Growth 

You can follow up on the idea of “percent per year” by computing the rate of population increase 
every year. 

Make a new column called 5 rate, and in its formula, calculate the percent increase in 
population over the previous year. The population in the previous year is prev(Pop). 

How do those numbers (the growth rates) compare with your estimate? 6 

The rate of increase is not constant. How has it changed over time? How is it 7 
changing now? 

What does the change in 8 rate look like in your original Pop-time graphs? 
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Crossed Polarizers Problem Set 46: 
If you have two polarizing filters (the lenses of polarized sunglasses, for example) and you cross 
them, that is, put them at 90 degrees to one another, no light gets through. If you line them up 
the filters so that they are parallel, and look through them both, the most light gets through. At 
angles in between, you get an in-between amount of light.

But how much, exactly? What’s the rule that tells you how much light you get? 

We have data in Polarization.ftm, with a sample in Table 10-12. Your job will be to figure out 
the relationship between the angles and the amount of light that gets through. 

Polarization Data Table 10-12 

time L Lamb angle
(sec) (lux) (lux) (degrees)

17 1257.2 1189.1 (no filter)
21 235.0 1191.2 10
32 245.4 1389.8 20
43 177.1 1187.0 30
53 162.6 1371.2 40
63 110.9 1213.9 50
73 79.9 1302.9 60
82 55.0 1325.7 70
92 32.3 1182.9 80

101 34.3 1340.2 90
111 46.8 1259.5 100
124 69.5 1369.1 110
132 90.2 1182.9 120

 

The setup is that we have two polarizing filters with degree 
markings around the outside. We mounted them in a 
home-made cardboard gizmo that, while it’s not exactly 
precision equipment, works pretty well. Then we pointed 
a light probe through the apparatus at a light and recorded 
its data in L. As in Problem Set 43 on page PPP, the light 
varied, so we have another probe looking at the ambient 
light, Lamb. Our “calibration” strategy was to create a 
new column, Lratio, that was the ratio between these 
two. The columns time and angle are the time and the measured angle between the polarizers 
(in degrees6) as measured by our cardboard apparatus. 

6 Remember, Fathom’s trig functions work in radians. 
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For much of the time, there is no filter in front of the main probe (L), so there is no entry in the 
angle column.

Compute 1 Lratio and plot it as a function of angle. Find a function to fit it. What 
function did you use?

Discuss your parameters. How important is each of them? Describe, if you can, what each 2 
of them means in the context of the situation. 

Try analyzing the data just using L instead of Lratio. Plot the same form of a function using 
similar parameters, but alter the parameters from the “Lratio” values to fit the new situation. 

Which parameters did you have to change a lot, and which only a little? Explain why. 3 

Looking at how well the curves match the data, do you see any point to going to all the 4 
trouble to use Lratio? Or should we just stick with L? 

The data look like a wave. Some people use a function that looks like 5 y = +cos2 1θ , while 
others use one that looks more like y = cos2 θ . If you used one of these, try fitting the data 
using the other. What function do you get now? How are the parameters related to the 
ones you used with the other form? 
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Magnet Force Problem Set 47: 
How much force does a magnet exert? It depends—certainly on the magnet, but also on other 
factors such as what the “target” is made of (if it’s plastic, the force is zero) and how far away it is. 

Physics students in Millbrae, California (like many others) did the following experiment: they 
hot-glued a Neodymium magnet to a scale, and zeroed the scale. Then they lowered another 
magnet—hot-glued onto the end of a new pencil—towards it from above. The magnets 
were arranged to repel, so the intruder magnet forced the original one harder onto the scale. 
The students measured the force on the scale at various distances; you can see their data in 
Table 10-13 and in MagnetForce.ftm. 

Magnetic Force Data Table 10-13 

distance force distance force
(cm) (dynes) (cm) (dynes)

18.0 9.8 10.5 156.9
17.0 19.6 10.0 196.1
16.0 19.6 9.5 235.4
15.0 39.2 9.0 284.4
14.5 49.0 8.5 382.5
14.0 58.8 8.0 470.7
13.5 68.6 7.5 588.4
13.0 78.5 7.0 755.1
12.5 88.3 6.5 990.5
12.0 88.3 6.0 1245.4
11.5 98.1 5.5 1784.8
11.0 127.5 5.0 2530.1

Plot 1 force as a function of distance to get the graph 
in the illustration. Based on the situation, do you 
expect any asymptotes in the data? What are they? 
What types of functions could possibly give a shape 
like that? 

Find a function and associated parameters that 2 
model the data well. What are they? 

How did you go about finding the function and the 3 
parameters?
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More Serious Modeling Chapter 11: 

The main thrust of this book is about modeling using elementary functions. Not everything 
follows elementary functions, however—at least not always in their simplest forms. 

In this chapter, we’ll look at situations that don’t fit basic elementary functions. Maybe you’ll 
try to fit one as well as possible, but it just doesn’t cut it. Maybe you need a combination of 
elementary functions, for example, the sum of two. Maybe there’s a bunch of algebra you need to 
do—algebra that falls out of a situation but gives a slightly hairy result. 

Sums of Functions 

How do you figure out if a model should be the sum of two functions? One good way is to look 
at the residual plot. The residual, after all, are what’s left over after you subtract a model. That is, 

residual(11 -1)  = data − model.

 Well, that means that 

data(11 -2)  = residual + model.

So if you’re using an exponential model for some data, and the residuals look like a sinusoid, try 
modeling the data as an exponential plus a sinusoid. 

To do this, it’s easiest if you do the fits separately. If you don’t, you may have too many sliders to 
keep track of. But to do that, you may have to make a whole new column—a new variable—in 
which you calculate the first model, and then another where you calculate the residual. That 
way, you can plot that first residual separately and fit it. Two great examples of this are in 
Sunrise/Sunset (Problem Set 48) and the Mauna Loa data (Problem Set 57).

Products of Functions 

Products are harder to figure out, except in one situation: if one of the functions is a sinusoid, 
and reasonably fast, the other one can act as an envelope. It’s as if the amplitude is no longer a 
constant. (We’ll see this in Problem Set 58xxx on page PPP.) 
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For example, if we have y x= 2 10sin , we get a regular wave. But if we replace that 2 with a 
function, say y x x= +( )(sin )2 10 , we get a wave whose amplitude increases. See Figure 11-1. 

At left, Figure 11 -1: y = 2 sin 10x. In the center, the envelope function y = 2 + x. At right, the product, 
y = (2 + x)(sin 10x). Note how the sine’s wiggles are limited by the envelope. 

What If Nothing Works? –or– How Good is Good Enough? 

Sometimes you see data, and you make an exponential (or whatever) model, and when you look 
at the residuals, you see a curve. So you tweak one parameter, and the residuals straighten out 
but shoot off at an angle; so you tweak another and the residuals come down but aren’t at zero; 
and this goes on and on, and you can’t make the residuals random and flat. 

So you decide you have the wrong function altogether, so you try a quadratic instead of the 
exponential, and it’s worse. 

Figure 11-2, for example, shows data that are supposed to follow an inverse square root 
relationship. We superimposed the appropriate function. Look at the residuals! Obviously 
something is going on that is not accounted for by the model. 

The time for a ball to go through a photogate as a function of how far the ball has rolled. Physics Figure 11 -2: 
predicts a 1/ x  relationship (shown). The residuals tell us something else is going on as well. 

We could add more parameters. For example, noticing that the residuals look kind of parabolic, 
we could add a downward-opening parabola to the model to get the residuals down. 
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But hold on there, and remember Occam’s Razor. Also, look at the size of the residuals. The 
biggest errors are down around a millisecond, only about 1% of the measurement. That is, the 
model does a good job, all in all, of describing the data. If we have a theory why the curve should 
be an inverse square root (and physics students, you can figure this out) these data support 
the theory. 

Is there something else, though? Sure. But it’s relatively small. What could it be? Irregularities in 
the track or the ball perhaps. Friction. Gremlins. It doesn’t matter at this level. 

In this book, you’re working with real data. Because it’s real there are times when there’s some 
other, smaller effect that we know nothing about. The trick is deciding whether you can model it 
or not; we leave that to your judgment. 

Geometry 

One common way that you can figure out a model is through the geometry of the situation. 
Sometimes that will make perfect sense but result in a strange combination of elementary 
functions 

Let’s do a simple example. We took a foam block and leaned it up against the wall. Then we 
measured up the wall to the corner that was touching, and called that measurement wall. We did 
the some thing on the floor to get floor. Then we moved the block, leaning it a different amount, 
and measured again. The file Hypotenuse.ftm has the data that also appears in Table 11-1. 

Wall and Floor Distances Table 11-1 

wall floor
(cm) (cm)

57.0 22.5
52.5 31.0
34.5 50.0
17.5 58.0
59.5 16.0  

This is a Pythagorean situation. We should see that 

wall floor H2 2 2+ =(11 -3) 

where H is the (unknown) length of the block, the hypotenuse. Since our graph is wall in terms 
of floor, we have to solve for wall: 

wall= H floor2 2−(11 -4) .

This is not a simple elementary function, but it is composed of familiar elements. More 
importantly, we understand where the formula came from. So we can use it as a model; as you 
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can see in the illustration, the model works well. Our parameter H is 61.1 cm, which matches the 
length of the block.

You probably notice a trend in the residuals. Does that mean our model is wrong? No, just a 
tiny bit incomplete. Enthusiastic readers should figure out what is missing. There is a hint in the 
photo. xxx And it has nothing to do with how we read the tape measure. 
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Sunrise/SunsetProblem Set 48: 
If you live reasonably far from the equator, you know that sunrise gets earlier in the summer and 
later in the winter; similarly, sunset gets later in summer and earlier in winter. How much earlier 
and later does it get? What pattern do the times follow? 

The file SunriseSunset.ftm holds five years of data for sunrise and sunset in San Francisco, 
California. A sample of the data also appear in Table 11-2. Use the columns riseTime and 
setTime for your calculations and displays, since they are in decimal hours; also, you can use 
day for your “time” variable. Beginning with version 2.1, Fathom understands times with colons 
and dates such as “3/17/08.” 

Sunrise and Sunset Data, San Francisco Table 11-2 

date sunrise sunset riseTime setTime day
(24-hr time) (hours) (hours) (since 1/1/04)

     

3/15/06 6:21 18:17 6.35 18.28 805
3/16/06 6:19 18:18 6.32 18.30 806
3/17/06 6:18 18:19 6.30 18.32 807
3/18/06 6:16 18:20 6.27 18.33 808
3/19/06 6:15 18:21 6.25 18.35 809
3/20/06 6:13 18:22 6.22 18.37 810
3/21/06 6:12 18:23 6.20 18.38 811
3/22/06 6:10 18:24 6.17 18.40 812
3/23/06 6:09 18:24 6.15 18.40 813

     

Make a graph of 1 riseTime as a function of day. It looks like a sinusoid. Do your best to 
match it with a sine or cosine curve. Describe what you tried, tell your best function, and 
explain how well it worked—and how you know it is not a perfect fit. 

Calculate the length of the day in hours (call it 2 dayLength). Do your best to fit it again; 
describe what happened. 

If you use a residual plot with either of the previous two tasks, you may notice that you can get 
the residual—what is left over after the wave—to look kind of like a sinusoid as well. 

Make a more elaborate model for 3 riseTime or dayLength, based on your residual 
discovery, that is the sum of two sinusoids. (They will have different frequencies). 

What is the relationship between the two frequencies? Explain why you think that 4 
makes sense. 
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Looking at the residuals from that model, speculate what the next level of model might be 5 
(Don’t actually do it unless you want to; but describe what you anticipate would happen if 
you did.) 

For a change of pace, plot 6 riseTime against setTime. Describe the plot and explain what 
in the world the shape you see means about sunrise and sunset times. 

Use the 7 modulo strategy we described in Problem Set 13 on page PPP and use the data 
to calculate the length of a year. How does that match the period you got when you fit the 
sine wave to the data? 

Author’s Message 

When you fit periodic functions that are not perfect sinusoids, you often get residuals that 
appear sinusoidal. If you have the phase or the amplitude wrong, the residuals will have the same 
frequency (or period) as the main wave. 

Why is that? 8 

But once you get the phase and amplitude right, the residuals often have a frequency that is an 
integer multiple of the main wave, usually twice or three times the frequency. If you then take 
that new, higher-frequency wave into account, your residuals will have a still-higher frequency, 
and still an integer multiple. 

This is a deep property of periodic functions, and is related to the idea of Fourier series. 
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Drying the Sponge Problem Set 49: 
We took a sponge and soaked it, then weighed it from time to time over the next couple of days 
as it dried. See Table 11-3 or Sponge.ftm for the data. The first case in the data set has the 
weight before we soaked it; a slider in the file is set to that first value, called dryMass. 

Sponge Weights Table 11-3 

time mass
(hours) (g)

0.000 25.53 (dry)
0.167 47.29 (wet)
0.317 47.05
0.650 46.70
0.900 46.43
1.150 46.18
1.500 45.79
2.200 45.04
2.500 44.75
2.517 44.73
2.550 44.69
2.850 44.37

 

52.500 26.02
53.067 25.95
53.583 25.88

The slider Figure 11 -3: dryMass is actually 
controlled by a formula. You can’t slide 
it. Double-click the slider to bring up its 
inspector if you want to see how it works. 

Get the data and make the graph. 

Just looking at the graph, and knowing about the situation, what functional form do you 1 
expect for the model? Why? What other situation that uses the same function is kind of 
similar to this? What’s similar about them? 

Plot a function on the graph that does a pretty good job of modeling the data. Besides the 
starting value and dryMass (which you may not need), you’re allowed only one other parameter. 

What function did you use? Describe the residuals, both qualitatively and quantitatively. 2 

How long did it take half of the water to evaporate? Show how you figured that out. Then 3 
how long did it take half of the remaining water to evaporate? Compare the two times and 
comment. 

What does your parameter do in this model? What does it control? 4 

If we cut up the sponge into 10 pieces at the beginning of the measurements, how would 5 
the parameter value be different? Explain why. 
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If you did not previously try to linearize your data, do so now. What technique did you 6 
use? What quantities did you graph? How straight did the data get? Report on how the 
parameters of the linear fit correspond to parameters in the original, nonlinear graph. 

Chances are your model is pretty good, but the residual plot still shows some patterns. 

Alter your model to try to account for the previously-unmodeled deviations (i.e., the wiggles) 
you see in the residual plot. This will require additional 
parameters, making piecewise functions, or something. 

How did you go about improving your model? 7 
What did you come up with? How did you decide to 
change it the way you did? 

Describe the residuals now, both qualitatively and 8 
quantitatively— and compare them with the plain, 
one-parameter residuals.
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Paper Roll Problem Set 50: 
How long is a roll of paper?1 You could unroll it and measure 
it, of course, or look on the package—and those are important 
strategies—but we’re going to do it by taking off known lengths of 
paper and looking at the change in the diameter of the roll. 

Table 9-29 and the file PaperRoll.ftm have measurements for 
removed, the length of paper removed from the roll, and diameter, 
the diameter of the remaining roll. The file also has a slider to 
remind you that the diameter of the roll’s core was 2.20 cm. 
 
 

Paper Roll Measurements Table 11-4 

removed diameter
(m ±0.02) (cm ±0.05)

0.00 6.60
1.00 6.50
2.00 6.40
3.00 6.30
5.00 6.20
7.00 6.05
8.00 5.95

10.00 5.75
15.00 5.40
20.00 4.95

Before you plot the data, do the following: 

Suppose you find a function that fits the data in the table. 1 
This is a function that tells you diameter as a function of 
removed. (If y = f (x), diameter is y and removed is x.) 
How would you use that function to answer the ultimate 
question, namely, how long is the roll? 

The data look linear, but the model (the function) can’t be. 2 
Explain why not.

Find the function that should fit the data and explain it. 3 
What parameter(s) do you need for your model? 

1 This activity is especially fun to do with toilet paper, where you measure distance in squares, but measuring the 
diameter is quite a challenge. For this context, we used adding machine tape. 
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Hint: Your explanation should probably include a diagram of the cross-section of a roll of 
paper, carefully labeled.

Now plot the data to reproduce the graph. Fit your model to the data. Change your model if it 
needs to be changed.

What is the answer to the ultimate question? (No, it’s not 42. Not here, at least. How long 4 
is the roll?) 

How well do you know this answer, that is, what is a reasonable range of lengths? 5 

Suppose you wound 1 km of paper around this core. What would the diameter of the roll 6 
have to be? 

Why doesn’t 7 core appear in the model that predicts diameter as a function of removed? 

If you did not linearize the model to fit the data, do so. What is your linearized function? 8 
What do you plot on the axes? What do the slope and intercept correspond to? 

How thick is the paper? Explain how you know. 9 

If this seems like an obscure question, a hint: one really good way to create the model is to 
use the thickness of the paper as a parameter. If you did that, you know the answer right 
away—just be sure you’ve explained why that parameter is the thickness. If you didn’t do 
that, figure out how your parameter relates to the thickness of the paper. 

We measured the thickness with a micrometer and got 0.0030 10 inches, to the nearest 0.0001 
inch. Is your value within that measurement tolerance?2 If it is, show the calculations to 
prove it; if it is not, still show the calculations, but offer some reasonable explanation. 

Suppose you only looked at the data, and didn’t think about the whole cross-sectional area thing. 
You could still calculate the length of the roll— but you would be wrong. 

Do that: assuming a linear model, calculate the length of the roll and compare the result to 11 
the one you got with the non-linear model. Describe how you got the “linear” length, and 
explain why the difference between the models is the direction it is. 

Author’s Message 

This last task shows the danger of making linear extrapolations. Everything looks linear if you’re 
up close enough. But in this case, having thought about how the function must be, we got a 
very different—and better—answer, even though we can model the available data pretty well 
with a line. 

2 One inch is 2.54 cm, but Fathom knows that. 
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Jupiter Size Problem Set 51: 
If you look at Jupiter through a telescope, you can see that it is not just a point of light, but a 
disk. At different times, that disk will be a little bigger or smaller, depending on how far away we 
are from Jupiter. 

We measure the radius of the disk as an angle—the angle that the disk makes to an observer on 
Earth, as in the diagram: 

The diagram is not to scale. In reality, the angle is much smaller. So small, in fact, that we usually 
measure it in arc seconds. (An arc second is 1/3600 of a degree.) 

Another way to think of the angle is from the distances. Suppose RJ  is the radius of Jupiter, and 
EJ is the distance from Jupiter to the Earth. Then the angle θ  (measured in radians ) is 

θ =
R

EJ
J(11 -5) 

(This is using a small-angle approximation, which is completely appropriate here. If you would 
rather use trig, by all means go for it.) Now, RJ  is constant while EJ is changing all the time. 
in this problem set, you will make a function to model how θ  changes with time. One of your 
main challenges will be to figure out a reasonable approximation for EJ . 

On to the data! You’ll find it in JupiterSize.ftm. Plot radius as a function of mjd. (mjd is 
Modified Julian Date; think of it as “decimal days.”) You will see that it is periodic; that is, 
Jupiter gets “bigger” and “smaller.” If you make a rough estimate of the period, you’ll see that it’s 
about 400 days. 

Why would it be 400 days and not 365? 1 

How can you tell that a simple (but transformed by shifting and stretching) sine or cosine 2 
curve will not fit the data? 

Find a function that does a good job approximating 3 radius as a function of mjd. This 
turns out to be pretty involved, so we have described one of many possible strategies on 
page PPP. 

What effect does each of your parameters have on your fit? For as many of your parameters 4 
as possible, explain why you see the effect you do when you change the parameter value. 
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After all that work, the points still do not line up perfectly. Why not? 5 

In the Fathom file, we have included the variable 6 sunsep, which is the Jupiter-Earth-Sun 
angle in degrees. Plot it as a function of time and explain why this relationship has the 
shape it does. 

In this whole problem, we never needed to know the actual absolute distance from the Sun 7 
to the Earth of Jupiter, or the actual diameter of Jupiter. Why not? 

You know that the Earth goes around the Sun once in 365.25 days. But you got a larger 8 
value (about 400 days) for the amount of time it takes the Earth to come around to being 
right between Jupiter and the Sun. Use that information to calculate how long it takes 
Jupiter to go around the Sun. Explain how you made your calculation, and check your 
work. 

Looking at the data, it looks as if the peaks are getting higher. They are. What could 9 
account for that? 

  

On the left, Figure 11 -4: radius as a function of mjd for the raw data. On the right, the residual as a function of 
time (in arc seconds) for the author’s fit. See if you can do better! 
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Suggestions for Fitting 

In this problem, we have both the Earth and Jupiter going around the Sun in ellipses.  ➲

We need to make it simpler. First, assume they go around in circles. Second, and most 
important, we’re going to choose the coordinate system so that the x-axis always extends 
from the Sun through Jupiter. Our coordinate system will actually be rotating, but 
that’s OK. 

Make a diagram with the Sun at the origin, Jupiter way out on the  ➲ x axis, and the Earth 
going around in a unit circle, starting at (1, 0). 

Set up a new  ➲ time variable that has a zero point where the Earth is closest to Jupiter, that 
is, where radius is a (minimum or a maximum? Which is it?). To do that, make a new 
slider (a new parameter) called T0; set it to the starting mjd as a first guess; and then make 
time = mjd − T0. 

Set up another new parameter,  ➲ period. Give it a starting value of 400 days. 

Set up a third new parameter,  ➲ RJ for the Radius of Jupiter. Give it a small starting value, 
for example, 0.001. This will be the radius of Jupiter measured in units where the distance 
from the Sun to the Earth is 1.00. 

Set up a fourth parameter  ➲ SJ for the distance from the Sun to Jupiter. This should be in the 
same units—units of the distance from the Earth to the Sun.3 You can look up the Sun-
Jupiter distance in the Planets.ftm file to get a good approximation, or just start with 5.0. 

Now set up new variables for the  ➲ x and y positions of the Earth, calculate the distance from 
here to Jupiter (EJ), and at last calculate the angle in arc seconds. (It’s DJ/EJ . But that’s 
in radians.) 

This angle is your model. You could have done it as a function, but this works too. Now see  ➲

if you can get your model as close as possible to the data. You could plot both on the same 
graph, plot them against one another, or calculate your own residuals, and try to make 
those residuals near zero. 

3 This distance is called an astronomical unit, by the way, abbreviated AU. One AU is about 150,000,000 km. 
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Falling Cotton Ball Problem Set 52: 
If you drop a cotton ball and a rock at the same time, the rock lands first. This is because air 
resistance slows the cotton ball down. If we drop a cotton ball, can we predict when it will land? 

Selected Cotton Ball Data Table 11-5 

height time
(m) (sec)

0.5 0.34
1.0 0.59
1.5 0.75
2.0 0.87
2.5 1.09
3.0 1.28
3.5 1.31

We’ll start with data: we dropped cotton balls from various heights (see Table 11-5 or 
CottonBalls.ftm) and recorded how long it took them to fall in time. Rock times would be 
shorter because rocks are not that affected by air resistance. For a body in free fall, distance and 
time are related by 

d gt=
1
2

2(11 -6) 

where g is the acceleration of gravity (about 9.8 m/s2). 

Before you start making graphs and models, describe what should happen to the model as 1 
height gets small? What about when height gets large? 

Reproduce the graph in the illustration. The graph looks more or less linear. How do you 2 
know that a linear model is not a good one for this data set? 

Plot the model based on free-fall (Equation 11-6, but be sure to plot the right thing). 3 
Explain how you know from the graph that the cotton ball must not be in free fall. 

Show that the cotton balls do not even follow a model with reduced gravity (that is, make 4 
g a variable parameter that may be less than 9.8 m/s2). 

One type of model has the cotton ball in free fall up to some time, and then falling at a 5 
constant speed after that. Use the free fall curve and a movable line to set this up; if this 
model works, at what time does it switch over from free fall to constant speed? 

In fact, the transition from free fall to constant speed (called terminal velocity or drift velocity, 
by the way) is gradual; it starts as soon as the ball drops and never quite finishes. 
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In an article in The Physics Teacher,4 Richard A. Young gives this formula for the distance of an 
ob ject falling with an air resistance force proportional to the square of the speed: 

x t
V

g
gt

V
d

d

( ) ln cosh=
















2

(11 -7) 

where x(t) is the position as a function of time, g is again the acceleration of gravity, and Vd  is 
the drift velocity. Pretty scary equation, huh? 

Use Equation 11-7 to model the data. (It should work pretty well.) How did you set it up? 6 
What are your parameters? What values do they have? Is the drift velocity reasonable? 
(Note: in Fathom, the constant gravity is the acceleration of gravity.) 

That formula in Equation 11-7 should approach a constant-velocity line as 7 t gets large. 
That velocity ought to be Vd . Show that this is true. 

Use various models to predict how long it will take a cotton ball to fall 5 meters—or any 8 
big vertical distance you have access to. (Stairwells and indoor balconies are good.) What 
different values do you get? get a cotton ball and a watch, and try it. How do theory and 
practice compare? 

4 October 2001, vol. 39, page 398–400.
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Tip the Teeter Problem Set 53: 
Back on page PPP we presented some problems about a teeter totter that we had made with a 
ruler and some weights. There we saw that the rule for balancing is 

W D W D1 1 2 2=(11 -8) 

where the Ws are weights and the Ds are distances from the fulcrum. 

These problems are about a sloppier version of that setup. We have a board with a slot in it; we 
put a dowel under the slot to make a fulcrum. Then we put a counterweight on the short end of 
the board to make it go down. Finally, we put a container on the upper part of the board, and 
plunk pennies into the container until it overbalances the counterweight and tips the board. 

The data are in Table 11-6 or in the file TipTheTeeter.ftm. For each observation, we recorded 
the number of pennies it took to tip the board and the distance from the top of the board to 
the near edge of the top container, in millimeters (called position). 

We did not record the distance to the fulcrum; the weight of the board, container, or 
counterweight; or even the length of the board. This will make making a model more 
challenging, but not impossible.

Teeter Totter Tipping Data Table 11-6 

position number
(mm) (pennies)

0 18
20 28
40 42
50 50
60 58
80 81

The data are generally increasing. Explain why. 1 

Make a graph of the data. Develop a model to approximate the data points. What is your 2 
model, and how did you figure it out? 

It may help to use the teeter totter equation (Equation 11-8) —and a lot of hard thinking—to 
work out your model. It will certainly help to make a diagram. Since there are so many 
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unknowns, you will have to represent them as parameters. Watch out, though—this is a situation 
where you can easily make many, many redundant parameters. If you need a refresher on that 
issue, see page PPP. 

For example, if the counterweight’s weight is WC  and its distance is DC  , there is no way you 
will ever be able to separate them. A light weight on a long board is equivalent to a heavier one 
on a short board. So you should not have a parameter for each of them. At most, you should 
have one that represents their product. 

Can you tell how far it is from the top end of the board to the fulcrum? If you can, how far 3 
is it? Explain how you know—or why it’s impossible to tell from our data. 

How does your model behave for large, small, or special values of 4 position? Explain those 
behaviors and whether they make sense. (In particular, does your model blow up for any 
value of position? It should! What does that mean?) 
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Thin LensesProblem Set 54: 
If you have a lens, and you set up a candle in line with it, an 
image of the candle forms on the opposite side of the lens. 
Physics students study this phenomenon, and those diligent but 
underappreciated students at San Francisco State University 
worked hard to collect the data in Table 11-7 and in Lenses.ftm. 

They measured the distance from the lens to the ob ject (the 
candle) (distobject) and the distance from the lens to the image 
(distimage). They also measured the height of the image. All of the heightimage values are 
negative because the image was upside down.

Thin Lens Data Table 11-7 

distimage distobject heightimage
(cm) (cm) (cm)

15.0 31.7 −7.0
17.5 24.8 −4.7
19.0 22.6 −3.9
20.5 20.5 −3.3
23.5 18.4 −2.6
26.5 17.0 −2.1
29.5 15.8 −1.7
32.5 15.0 −1.5
35.5 14.5 −1.3
38.5 14.1 −1.2
41.5 13.7 −1.1
44.5 13.4 −1.0

Reproduce the illustration, plotting distimage as a 
function of distobject. 

Try to fit reasonable elementary functions to the data 1 
such as inverses and exponentials. Describe what you 
tried and explain, for each attempt, either how you 
got it to work or how you knew it wouldn’t.

While it’s possible to find a good model function, it’s hard 
to figure out directly. A transformation may make it easier. 

Create two new columns—for the reciprocals of 2 distimage and distobject. Plot them 
against one another, and fit a model to that graph. What model do you get? 
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Rewrite your model in terms of the original variables, 3 distimage and distobject, and 
plot that function on the un-inverted graph. What function did you use? 

If your ob ject is very far away (i.e., as 4 distobject → ∞), where will the image be? 

Where are the asymptotes in your function? How are they related to your parameter(s)? 5 

You can probably write the function using only one parameter. If your function has more 6 
than one, see if you can figure out how to get rid of the extras.5 What is the parameter’s role 
in this function? What could it represent? 

What is the relationship of 7 heightimage to either (or both) of distimage and 
distobject? 

5 Your function may have constants that are not really parameters. In your inverse fit, if you see any numbers that are 
near important constants such as 0, 1, or π, that’s probably what they are. 
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Tilting the Scale II Problem Set 55: 
We looked at how tilting an electronic scale affects the reading back in Problem Set 30xxx on 
page PPP. We found that the reading R on the scale was 

R M= cosθ(11 -9) 

where M is the actual mass of the object on the scale (a ball of clay, for example) and θ  is the 
angle the surface of the scale makes with the horizontal. See Problem Set 30 for why this is so; it’s 
important for this activity.

In that earlier activity, an important part of the procedure was 
to zero the scale at each new tilt—at each new value of θ . But 
real investigators sometimes forget important steps. The data in 
Table 11-8 and in TiltingScaleNoZero.ftm are from a one such 
time. During the session these data come from, we zeroed the scale 
at the beginning when it was horizontal (θ  = 0)—but then we failed to zero it as we tilted the 
scale and took new readings. 

Tilting Scale Data Table 11-8 

reading rise
(g) (cm)

134.5 0.0
130.9 6.4
126.5 9.0
109.9 15.7
115.2 14.0
105.7 17.0
104.2 17.5
75.7 23.7  

For these data, the width of the platform was 36 cm. You’ll need it to calculate the angle. In the 
file, that value is in a slider called w. 

Make the graph of 1 reading as a function of angle. Remember that Fathom’s trig (and 
inverse trig) functions work in radians. How did you calculate the angle? 

Put the cosine function on the graph that you would expect to be the model based on 2 
Equation 11-9. In what way do the data not match the function? In what way does the 
model still seem appropriate? (That is, even though it misses the data horribly, there’s 
something right with the model. How can you tell?) 

Based on the graph alone, transform that original formula so that a new model fits the data 3 
reasonably well. What function did you use? What parameter(s) did you add? 
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Looking for the Reason 

We do not yet have an explanation for why we have to transform the formula the way we do. The 
difference between these data and the data in Problem Set 30xxx on page PPP is that here, we 
forgot to zero the scale. Why should that make the difference we see? 

Our conjecture is that the mechanism in the scale (the platform the clay sits on and the 
platform’s support) has a weight that the scale senses. The “tare” function—the thing that 
happens when you zero the scale—subtracts out that weight of that extra stuff before displaying 
the weight on the front of the scale. 

When you tilt the scale, the blob of clay has a smaller effective weight, and so does the 
mechanism. If you do not re-zero the tilted scale, the scale will keep subtracting the same un-
tilted weight of the mechanism. That is, the scale subtracts too much. 

Using the weight of the mechanism as a parameter, devise a model to account for this 4 
effect and fit it to the data. What function did you use? 

How much does the mechanism weigh? 5 

At what angle will the scale read zero? Explain clearly and without formulas why that angle 6 
is not 90°. 
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Heating Water Problem Set 56: 
The author took about 500 mL of water and put it in a saucepan on his stove. He put a 
thermometer in the water and turned the burner up to high. Whenever it passed the next 
5 degrees Celsius, he wrote down the time. HeatingWater.ftm and Table 11-9 show a selection 
of those observations, extending from 35 to 90 degrees. 

Heating Water Data Table 11-9 

time temp
(sec) (C)

49 35
62 40
76 45
89 50

103 55
117 60
131 65
145 70
161 75
176 80
190 85
205 90

Looking at the temp-time graph, you’ll see that it looks preety darned linear. But it’s not. 

Make the graph and fit a pretty good line to it. What are the slope and intercept? What do 1 
they mean? 

Show convincingly that a linear model is not, in fact, the best model for these data. 2 

Figure out a better model and put it on the graph. Explain what the parameters mean, as 3 
best you can. 
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Mauna Loa COProblem Set 57: 2 
You can get an amazing data from the Carbon Dioxide Information and Analysis Center 
(CDIAC). One of their jewels6 consists of measurements of the percentage of carbon dioxide 
(CO2) in the Earth’s atmosphere. They have been reporting this quantity since 1958. 

In MaunaLoaCO2.ftm, we have monthly averages from September 1975 through 
February 1988. Table 11-10 shows the data for 1976. The CO2 concentrations are in parts per 
million by volume (ppmv). 

Mauna Loa COTable 11-10 2 Data for 1976. 

year month CO2 time
(xxx) (ppmv) (decimal years)

1976 1 331.58 1976.00
1976 2 332.39 1976.08
1976 3 333.33 1976.17
1976 4 334.41 1976.25
1976 5 334.71 1976.33
1976 6 334.17 1976.42
1976 7 332.89 1976.50
1976 8 330.77 1976.58
1976 9 329.14 1976.67
1976 10 328.78 1976.75
1976 11 330.14 1976.83
1976 12 331.52 1976.92

Plot CO2 against time for the entire data set. 

Describe the overall shape of the graph.1  Use a line (a 
movable line is fine) to sort of go through the middle 
of the data. Make it the best model you can even 
though the data are obviously not linear in detail. 

What do the slope and the intercept of your line 2 
mean in the context of the data? 

Using these data alone, by what year do you expect the concentration of CO3 2 to reach 
600 ppmv? 

Use the line to make a residual plot. Describe it. What kind of function do you think 4 
would make a good model for the residuals? 

6 This set is from http://cdiac.esd.ornl.gov/trends/co2/siomlo.htm. 
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Now we’ll get those residuals into a plot of their own. Using the equation for your line,7 make 
a new column for a quantity called model. Then using that, make another new column called 
resid that contains the values of the residuals. Finally, plot resid against time. The result should 
look like your residual plot from the line. 

Make as good a model as you can for the residuals. What function did you use? What are 5 
its parameters, and what do they mean? 

The CO6 2 concentration seems to fluctuate with an annual cycle. How does that fact appear 
in your formula? (It could mean that you need one fewer slider than you would otherwise.) 

Here is the epiphany: since the residuals are the data minus the linear model, and we now have 
a new model for just the residuals, we can simply add the two models to get a new, improved 
model. 

Do it. Make a new (more complicated) combined function and plot it on the original data. 

What is your combined model? Comment on the quality of the fit. 7 

(What do we mean by that? Here is one possibility: with just the linear model, look at the 
residuals. What is their range? That range is how well we can predict the data using only 
the linear model. It’s not too good, because we don’t take any of the annual fluctuations 
into account. Now do the same for the improved model. What is the range of the 
residuals? Any better?) 

What might you do next to improve the model further? 8 

The CDIAC estimates that the pre-1750 concentration of CO9 2 was about 280 ppmv. 
What does your model “predict” for 1750? What does the discrepancy suggest about how 
the CO2 concentration has changed with time? 

Mathematically, how did you do your prediction for 1750? Did you use the whole model 10 
or just the line? Explain. 

Small Extensions 

Why do you suppose they used 1750? 11 

What formula do you suppose we used to calculate 12 time? 

7 If you have used a movable line for your linear model, this is a good place to replace it with an actual function that 
uses sliders. 
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Oscillating Spring Problem Set 58: 
Susan English hung a spring from a stand, and attached a heavy weight to the bottom of the 
spring. She pulled the weight down and released it; the spring started to oscillate. (This is called 
a vertical pendulum.) She set a Vernier motion detector on the floor below the weight, looking 
up. She set it to record its position 10 times per second for a minute. A small amount of the data 
appear in Table 11-11. All 600 points appear in OscillatingSpring.ftm. 

Oscillating Spring Data Table 11-11 

time position
(s)(xxx) (m)

0.0 0.619315
0.1 0.632761
0.2 0.644834
0.3 0.642090
0.4 0.627822
0.5 0.617394
0.6 0.621785
0.7 0.636328
0.8 0.645383
0.9 0.639346

 

Open the file and reproduce the graphs in Figure 11-5 on the next xxx page so you get a feel for 
the data. As you can see, the weight is going up and down (position is essentially its distance 
above the floor). Model the data with a sinusoid, of the form 

position
time

= +
−

B A
T

P
sin(

( )
)

2 0π
(11 -10) 

Make up appropriate names for the (four) parameters. You might even make the formula 
differently, but your parameters will probably have similar roles to those in Equation 11-10. 

Adjust the parameters to fit the first few seconds as well as you can. 

What does the 1 B parameter mean physically? 

How did you find 2 P for this vertical pendulum? What does it mean? 

If you did everything right, you will find that the model in Equation 11-10 does not fit all of 
the data. It does pretty well for a while, but if you look at a residual plot, you see an increasing 
sinusoid in the residual. In fact, you can get the model to fit pretty well anywhere in the 60 
seconds of data—but the farther you get from where it fits, the worse the fit. The problem, which 
you can see in the left-hand illustration in Figure 11-5, is the the amplitude of the oscillation is 
decreasing. This makes sense: eventually the spring will stop.
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Above left, what you will probably see when you first graph Figure 11 -5: position vs time. Above right, we have 
zoomed in on the first few seconds of data. What a mess! . . . until we change to a Line Scatter Plot (it’s in 
the graph popup). 

This brings us to this set’s vital epiphany: the amplitude—the parameter A in Equation 11-10—
is not a constant. It is a function of time. 

Make a function of the form

position(11 -11)  = B + f (time)

so that its graph makes a good upper border to the points in the position-time graph (see the 
illustration). Just fit the border, not all of the points!

What did you use for your 3 f (time)? Why? What are 
its parameters? What do they mean? 

Substitute that function f for the amplitude A in your 
model for the sound data. Looking at the residual plot, 
adjust your parameters. Make the residuals as small as you 
can over the entire 60 seconds of the data. You should be 
able to get them all under 1 mm (0.001 meters). 

What is your best model? 4 

When do you predict the amplitude of the oscillation will be half what it was at the 5 
beginning? 
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How long until the spring’s oscillation is down to 1 mm each way from the resting point? 6 

Some prefer a linear function for the “envelope” function 7 f (time); others think that a 
declining exponential is better. What do you think? Try them both. Compare linear and 
exponential models for tasks 5 and 6. Does it make any difference? Can you tell from these 
data which model is best? 
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AfterwordsChapter 12: 

Instructor Notes12.1 

One way to assign these is to pick one of the sets and assign it as a “Problem of the Week” for 
which students have a week to analyze the data and prepare their responses. You should, of 
course, make sure that the questions are appropriate given your students’ experience. The main 
thing is that students explain their thinking; the tasks are intentionally worded to support 
that—but as the instructor, you will have to make it happen by showing that you value thinking 
and that you care how students express it. 

You can dispense with the book questions entirely, of course. You could just give the data set and 
say, “analyze this and turn in a report.” That’s actually a great idea—something we should strive 
for. But that would be too open-ended for most students, especially those who are just learning 
about these functions. Better at first to give them some help and structure. 

If I were to make the open-ended assignment, I might give students some idea of what had to be 
in the report. Here is a pretty good list: 

A graph that shows the main relationship ➲

This graph has the data points and also the curve that acts as a model. (A straight line 
is also a curve.) The curve should be clearly labeled, and it should be obvious what its 
formula is.

A list of the parameters and what they mean.  ➲

A discussion of why the particular function makes sense. ➲
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This includes looking at the behavior of the function at extreme or special points, checking units, 
and relating this function to other functions and situations. 

The story of the data analysis. What did you try first? How did you know it wasn’t right?  ➲

Attention to variation. ➲

If you have found a parameter value as part of your solution, what range of numbers are 
plausible for it? That is, don’t just find some best-fit curve: tell how much it can wiggle. 

We’ve tried to address most of these in the questions in the problem sets, but haven’t always. So 
looking over the problem set, don’t be afraid to ask an additional question or two that are not in 
the printed set. 

Probing for Understanding 

What should you expect when you give ordinary students problems like these? The first time, 
what you consider absurdly simple they may find completely opaque. Why? Because they may 
never have seen anything like it. 

Do not despair: students overcome such things. Especially, don’t give up after one attempt; use it 
to help students see what you expect (as in, “not this!”). 

You can also add extra questions that probe for basic understanding. In field-test work, we found 
some frightening misconceptions that had somehow stayed alive through years of schooling. 
Context is always a problem: take a function learned naked in math class, dress it up in an 
overcoat and stick it on a bus, and students may not recognize it. This can be as simple as using 
unfamiliar letters for variable names. Just helping students see that r t r v tr( )= +0  is really the 
same as y mx b= +  is an enormous service.

The problem goes deeper, though: many students seem unable to connect the coordinate system 
in which they have plotted the data with the system in which they plotted the model. 

To that end, questions like, “what does it mean when one of these points is above the line?” are 
useful: they help students make sense of the graph itself. 

Prediction questions are good too, such as “What does your model predict that JoJo will weigh 
in 2010?” This forces students to plug numbers into the model (the function) and make a 
correspondence with a discrete data value. 

Finally, these are not simple, sit-down-and-knock-off-the set problems. Many of these problem 
sets take serious time—that’s why they’re good for a week-long assignment and for working in 
groups.
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Data Goggles 12.2 

As a learner, what should you get out of this book? 

To be sure, there are plenty of technical things, such as becoming familiar with the shapes of 
graphs; learning useful transformations; or understanding the relationship between parameters 
and variables. But the most important thing you can get out of working with data is to begin to 
see the world with “data goggles.” This does not mean becoming some kind of numbers geek but 
rather taking on an empirical and quantitative outlook when that’s appropriate. 

What does that mean? Let’s begin with the quantitative part. Some people don’t care about 
numbers at all, or the relationships between them. Usually these people have been ill-served in 
their interactions with numbers, especially in school. If you have had math courses that leave you 
feeling befuddled and resentful, you’re not alone—but don’t blame the numbers! 

Our educational system in the US (and elsewhere, too, to an extent) has a strange relationship 
with mathematics. Real Mathematicians are by their very nature concerned with getting 
everything right and fully justifying every step. So it may be a long time between the time 
somebody tells you, “the logarithm is the inverse of exponentiation” and the time you see why 
that fact might be good to know, much less understand what it means. Math’s abstractions and 
its nitpicking attention to detail put many students into a mathematical coma from which they 
never awaken. 

This book tries to remedy that by putting you in situations where logarithms (and many other 
topics) are actually useful. Here, you will apply them in real situations using numbers instead of 
just x. That’s not to say that every situation will thrill you; many of the examples are from physics, 
and that may not be the thing that gets you out of bed in the morning. But the data are real, and 
we hope that in messing around with the data and with the functions you use as mathematical 
models, you will become more comfortable with both. 

Which brings us to the empirical outlook you get with data goggles. 

Math and science are full of theories and well-known relationships. Their proponents are often 
supremely confident; they intone these theories unto us, often with a hint of British accent to 
make them sound more believable. 

You’re standing in line waiting your turn to ride The Meatgrinder, and you wonder aloud how 
fast that roller coaster goes. Some twit says, “Of course, by conservation of energy, 

1
2

2mv mgh=

so if we knew the height…” You get two twits standing in line, and the second one will say, “Now 
be careful: there are energy losses to friction and to deformation of the track,” and they huddle 
over the back of an envelope to try to figure it out. 



196 Chapter 12:  Afterwords

This author could easily be one of those twits, and there are few things more fun that huddling 
over the back of an envelope with a like-minded outcast. One of those is looking at the situation 
empirically. Rather than debate the importance of friction, let’s take some measurements! Look 
up from the envelope. Be skeptical. The formula is nice, but does it work? 

We have seen too many experienced math and science teachers get lost in algebra when they 
could have solved their problems by taking a few measurements, plotting a graph, and seeing if 
the function worked. 

On Terminology 12.3 

In Through the Looking Glass, Alice has a famous conversation with the White Knight. He is 
offering to sing her a song. He says: 

“…The name of the song is called ‘Haddocks’ Eyes’.” 

“Oh, that’s the name of the song, is it?” Alice said, trying to feel interested. 

“No, you don’t understand,” the Knight said, looking a little vexed. “That’s what the name 
is called. The name really is ‘The Aged Aged Man ’.” 

“Then I ought to have said ‘That’s what the song is called?’” Alice corrected herself. 

“No, you oughtn’t: that’s quite another thing! The song is called ‘Ways and Means ’: but 
that’s only what it’s called, you know!” 

“Well, what is the song, then?” said Alice, who was by this time completely bewildered. 

“I was coming to that,” the Knight said. “The song really is ‘A-sitting on a Gate ’: and the 
tune’s my own invention.” 

When we try to be careful about mathematics, we sometimes get snared by the kind of discourse 
that seems to be so important to the Knight. You might think that it is hairsplitting doubletalk, 
making too-fine distinctions just to snow bystanders how much you know. But shades of 
meaning really are important sometimes, so let’s go over a few: 

First, we sometimes make a distinction between a function and the shape of the function. Purists 
might say that f x x( )= 2  is a quadratic function whose graph has the shape of a parabola. 
Note that the function itself has no shape—it is only the mapping, the rule that takes the input 
number and squares it. Its graph has a shape, and the name of the shape is parabola. 

You and I might say, carelessly, “fit a parabola to the data,” but that is not strictly correct; you fit a 
quadratic function to the data, and draw the corresponding parabola on the scatter plot.
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Sources12.4 

We adapted three Problem Sets, numbers 42, 50, and 51 from Data in Depth, the book of 
activities that came with Fathom version 1. The data for the two “Jupiter” activities comes from 
the JPL Jupiter ephemeris site, http://ringside.arc.nasa.gov/ www/tools/ephem2 jup.
html. Many sets are adapted from the Den of Inquiry series (http://www.denofinquiry.com)

The alligator data is famous and often cited by AP Statistics people. 

We are grateful for nameless students at San Francisco State University for the data on absolute 
zero in Problem Set 38 and thin lenses in Problem Set 54.
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